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We compute the fundamental correlation functions in two-dimensional rational con- 
formal field theory, from which all other correlators can be obtained by sewing: the 
correlators of three bulk fields on the sphere, one bulk and one boundary field on 
the disk, three boundary fields on the disk, and one bulk field on the cross cap. We 
also consider conformal defects and calculate the correlators of three defect fields 
on the sphere and of one defect field on the cross cap. 

Each of these correlators is presented as the product of a structure constant and 
the appropriate conformal two- or three-point block. The structure constants are 
expressed as invariants of ribbon graphs in three-manifolds. 
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1 Introduction and summary 



This paper constitutes part IV of the series announced in jj, in which the relation |21Ellll 
between rational two-dimensional conformal field theory (RCFT) and three-dimensional topo- 
logical quantum field theory (TFT) is combined with non-commutative algebra in modular 
tensor categories to obtain a universal, model independent, construction of CFT correlation 
functions. In the previous parts of the series, we concentrated on the description of correlators 
without field insertions, i.e. partition functions on the special features that arise when the 
world sheet is unoriented |II j . and on the case that the CFT is obtained as a simple current 
construction |III j . In the present part we give the fundamental correlation functions of the 
CFT, i.e. a finite set of correlators from which all others can be obtained [H|IH|l7j via sewing and 
chiral Ward identities. 



1.1 Correlators from sewing of world sheets 

The correlators of a CFT should be single-valued functions of the world sheet moduli, like 
the positions of the field insertions or, more generally, the world sheet metric. Further, the 
correlators are subject to factorisation, or sewing, constraints. These constraints arise when a 
world sheet is cut along a circle or an interval and a sum over intermediate states is inserted on 
the cut boundaries. This procedure allows one to express a correlator on a complicated world 
sheet (e.g. of higher genus) in terms of simpler building blocks. The fundamental building 
blocks are 00111 the correlators {<P<P'^) for three bulk fields on the sphere, for one bulk 

field and one boundary field on the disk, {^^^) for three boundary fields on the disk, and 
(<P)x for one bulk field on the cross cap. Actually, the requirement of covariance under global 
conformal transformations determines each of these correlators up to the choice of a non-zero 
vector in the relevant coupling space. The components of these vectors are called structure 
constants. 

Depending on what class of surfaces one allows as world sheets for the CFT, different sets 
of these fundamental correlators (or, equivalently, structure constants) are required: 

class of world sheets fundamental correlators 

(1) oriented, with empty boundary 

(2) unoriented, with empty boundary {$)x 

(3) oriented, with empty or non-empty boundary {'P^), {^^^) 

(4) unoriented, with empty or non-empty boundary {^^), {^^^), {^)x 

The factorisation of a given correlator into the fundamental building blocks is not unique. 
Requiring that the different ways to express a correlator in terms of sums over intermediate 
states agree gives rise to an infinite system of constraints for the data {$\[^), {^^^), 

X . One way to define a CFT is thus to provide a collection of candidates for the fundamental 
correlators that are required in (1) - (4) and show that they solve these factorisation constraints 
and lead to single-valued correlators. 

Holomorphic bulk fields (like the component T of the stress tensor) lead to conserved charges 
and chiral Ward identities, which constrain the form of the correlation functions. Solutions to 
the chiral Ward identities are called conformal blocks. In rational CFT the space of conformal 
blocks for a given correlator is finite-dimensional. Another important consequence of rationality 
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is that the fundamental correlators have to be given only for a finite collection of fields; for all 
other fields they are then determined by the chiral Ward identities. 

The conformal blocks that are relevant for the correlators on a given world sheet X are 
actually to be constructed on the double X of X. The surface X is obtained as the orientation 
bundle over X, divided by the equivalence relation that identifies the two possible orientations 
above points on the boundary of X: 

X = Or(X)/~ with (x, or) ~ (x, -or) for x G aX . (1.1) 

For example, if X is orientable and has empty boundary, then X just consists of two copies of 
X with opposite orientation. A correlator C (X) on the world sheet X is an element in the space 
of conformal blocks on the double, 

C(X) e n{X) . (1.2) 

This is known as the principle of holomorphic factorisation jH]. 

The conformal blocks on a surface S are generically multivalued functions of the moduli 
of S. Upon choosing bases in the spaces 7i(S), the behaviour of the blocks under analytic 
continuation and factorisation can be expressed through braiding and fusing matrices B and 
F jniE3^3- These matrices are in fact already determined by the four-point blocks on the 
Riemann sphere. One can then express the constraints on the fundamental correlators coming 
from factorisation and single-valuedness in terms of fusing and braiding matrices. It turns out 
that there is a finite set of equations which the structure constants must obey in order to yield 
a consistent CFT. These are the so-called sewing constraints [3101 • 

The first class of CFTs for which explicit solutions for the structure constants have been 
calculated are the A-series Virasoro minimal models. The constants for {<P<P<P)^ {^^), {^^^) 
and (^)x are given in P^IT^IT^ IT]. respectively. By now many more solutions are known; 
pertinent references will be given at the end of sections l4. 21 - 14 .61 in which the calculation of the 
individual structure constants in the TFT framework is carried out. 

Remarkably, one can also obtain exact expressions for some of the fundamental correlation 
functions in a few examples of non-rational CFTs in which the chiral algebra 23 is too small 
to make all spaces of conformal blocks finite-dimensional. The most complete answers are 
known for Liouville theory, see e.g. P!31ll6pi7j and references cited therein. The structure of the 
expressions found in this case is very similar to the Cardy case of a rational CFT. This similarity 
might serve as a guideline when trying to extend aspects of the TFT-based construction beyond 
the rational case. 

1.2 Correlators from 3-d TFT and algebras in tensor categories 

The sewing constraints form a highly overdetermined system of polynomial equations, which 
is difficult to solve directly. Instead, one can try to identify an underlying algebraic structure 
that encodes all information about a solution. In our TFT-based construction, this underlying 
structure is an algebra A in a certain tensor category. The associativity of this algebra is in 
fact a sewing constraint, applied to a disk with four insertions on the boundary. This turns 
out to be the only non-linear constraint to be solved in the TFT approach; all other relevant 
equations are linear. 
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We will consider CFTs that can be defined on world sheets of type (3) or type (4). Each of 
these two cases requires slightly different properties of the algebra A, but they can, and will, 
be treated largely in parallel. 

Our construction of CFT correlators takes two pieces of data as an input: 

(i) The chiral algebra 5J. 

This fixes the minimal amount of symmetry present in the CFT to be constructed. More 
specifically, the holomorphic (and anti-holomorphic) bulk fields contain as a subset the 
fields in 5J, and all boundary conditions and defect lines preserve QJ (with trivial gluing 
automorphism) . 

We demand QJ to be a rational conformal vertex algebra and denote by 7^ep(5J) its representa- 
tion category. The properties ^ of 23 then imply that TZepi^) is a modular tensor category (see 
section 1:2.1 for definition, references and our notational conventions). To any modular tensor 
category C one can associate a three-dimensional topological field theory TFT(C), see e.g. |19|2()j 
as well as section 1:2.4 and section 3.1 below. The TFT supplies two assignments. The first, 
E \-^T-C{E) associates to an (extended) surface E the space Ti.{E) of states, a finite-dimensional 

vector space. The second assignment takes a cobordism E-^E', i.e. a three-manifold with 
'in-going' boundary E and 'out-going' boundary E' together with an embedded ribbon graph, 
and assigns to it a linear map Z(M): 'H{E) -^l-i{E'). In the case of Chern-Simons theory, the 
state spaces of the TFT can be identified with the spaces of conformal blocks of the corre- 
sponding WZW model In the case of three points on the sphere, for a general RCFT the 
identification of the state spaces of the TFT with spaces of conformal blocks is a consequence 
of the definition of the tensor product; for more general situations it follows by the hypothesis 
of factorisation. 

According to the principle ()1.2j) . in order to specify a CFT we must assign to every world 
sheet X a vector C(X) in H(X). This will be done with the help of TFT(C), by specifying for 

every X a cobordism 0^^X and setting C(X) :=Z(Mx). Since C = TZep{^) encodes all the 
monodromy properties of the conformal blocks, the question whether the collection {C(X)} of 
candidate correlators satisfies the requirements of single-valuedness and factorisation can be 
addressed solely at the level of the category C. In particular, the analysis does not require the 
knowledge of the explicit form of 2J or of the conformal blocks. The first input in the TFT 
construction is thus 

• a modular tensor category C 

which determines in particular also TFT(C). 

For the construction of the vector C(X) e7i(X) it is actually not necessary that C is the 
representation category of a vertex algebra; only the defining properties of a modular tensor 
category are used. The vertex algebra and its conformal blocks are relevant only when one 
wishes to determine the correlators as actual functions. In particular, in those cases where 
non-isomorphic vertex algebras have equivalent representation categories (as it happens e.g. for 
WZW theories based on so{2n+l) at level 1 with n taking different values congruent modulo 
8), the TFT approach yields the same link invariants in the description of the correlators. It 

^ To be precise, 5J must obey certain conditions on its homogeneous subspaces, be self-dual, have a semi- 
simple representation category, and fulfill Zhu's C2 cofinitcncss condition |18j . 
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is only after substituting multivalued functions for the conformal blocks that two such models 
have different correlators as actual functions of moduli and insertion points. 

(ii) An algebra A in C. 

There are generically several distinct CFTs which share the same chiral algebra 5J, the 
best known example being the A-D-E-classification of minimal models [23 • The additional 
datum we need to specify the CFT uniquely is an algebra A in the tensor category C. 

More precisely, what is needed is 

• a symmetric special Frobenius algebra (see section 1:3) for obtaining a CFT defined on 
world sheets of type (3); 

• a Jandl algebra, i.e. a symmetric special Frobenius algebra together with a reversion 
(see section 11:2), for obtaining a CFT defined on world sheets of type (4). 

At the level of the CFT, specifying a symmetric special Frobenius algebra corresponds to 
providing the structure constants for three boundary fields on the disk (denoted {^^^) above) 
for a single boundary condition. To obtain a Jandl algebra, one must jll j in addition provide a 
reversion (a braided analogue of an involution) on the boundary fields that preserve the given 
boundary condition. 

Suppose now we are given such a pair (C, A) of data. The correlators Ca of the conformal 
field theory CFT (A) associated to this pair are obtained as follows. Given a world sheet X, one 
constructs a particular cobordism Mx, the connecting manifold jlj together with a ribbon graph 
Rx embedded in Mx. The different ingredients of X, like field insertions, boundary conditions 
and defect lines, are represented by specific parts of the ribbon graph Rx, and also the algebra 
A enters in the definition of Rx', this will be described in detail in section El Next one uses 
TFT(C) to define the correlator of CFT(A) on X as ^^(X) :=Z(Mx). 

One can prove | V j that the correlators supplied by the assignment CaQ^) are single- 
valued and consistent with factorisation or, equivalently, with its inverse operation, sewing. 
This implies in particular that the fundamental correlators {$^), {^^^) and (^)x 

obtained in this manner solve the sewing constraints. 

We conjecture that, conversely, every CFT build from conformal blocks of the rational 
vertex algebra 2J defined on world sheets of types (3) and (4) can be obtained from a suitable 
pair (C, A) with C = 7lep{^). This converse assignment is not unique: several different algebras 
lead to one and the same CFT. This corresponds to the freedom of choosing the particular 
boundary condition whose structure constants are used to define the algebra structure. All 
such different algebras are, however, Morita equivalent. 

For theories defined on world sheets of type (3), it has been advocated in 
that aspects of the fundamental correlators are captured by the structure of a weak Hopf 
algebra, respectively an Ocneanu double triangle algebra. Indeed, a weak Hopf algebra furnishes 
(see j2ni, and e.g. [2Zj for a review) a non-canonical description of a module category over a 
tensor category, i.e. of the situation that in our TFT-based construction is described by the 
algebra A in the tensor category 7^ep(QJ). 
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1.3 Plan of the paper 

In section |21 we introduce the fusing matrices for the categories Ca of A-modules and aCa of 
74-bimodules. These are useful for obtaining compact expressions for the structure constants. 
In section El the ribbon graph representation of field insertions is described. We will consider 
three kinds of fields: boundary fields, bulk fields, and defect fields. By a boundary field we 
mean either a field that lives on a boundary with a given boundary condition or a field that 
changes the boundary condition. Likewise, a defect field can either live on a defect line of a 
given type, or change the defect type. A bulk field can thus be regarded as a special type of 
defect field, namely one that connects the invisible defect to the invisible defect. 

In section m the ribbon invariants for the fundamental correlators and 
(<?)x are computed, as well as the correlators {000) of three defect fields on the sphere, and 
{0)x of one defect field on the cross cap. Up to this point the discussion proceeds entirely at 
the level of the tensor category C, i.e. of the monodromy data of the conformal blocks. 

We would also like to obtain the fundamental correlators as explicit functions of the field 
insertion points. The necessary calculations, which are presented in section El require additional 
input beyond the level of C, namely the vertex algebra 2J with representation category 7^ep(2J) 
and the notions of intertwiners between QJ-representations and of conformal blocks, as well 
as the isomorphism between the state spaces of the TFT and the spaces of conformal blocks. 
These additional ingredients are the subject of sectional Unlike the mathematical prerequisites 
employed in the earlier sections |2l-|U some of this machinery is not yet fully developed in the 
literature. However, in sectionlHlwe only need the two- and three-point conformal blocks, which 
are well understood. 

The formulas which give our results for correlators of boundary fields \P, bulk fields <P and 
defect fields are listed in the following table. 





Ribbon 


Ribbon invariant 


Ribbon invariant 
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Correlator 
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in a basis 


in Cardy case A = l 


function 
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eq. 


eq. 
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eq. 


eq. (jO^ 


eq. (jOH)) 


eq. (jOH)) 


(^)x 


eq. (|4.48|) 


eq. 


eq. 


eq. ((O^ 
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eq. P3i)) 
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eq. (jOH)) 


eq. 
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2 Fusing matrices for modules and bimodules 



To exhibit the mathematical structure encoded by the bulk and boundary structure constants, 
we make use of the concept of module [2111231^011211 and bimodule categories. As the main 
focus of this paper lies on the computation of correlators, we do not develop the mathematical 
formalism in all detail. 

Given a tensor category C, a right module category over C comes by definition with a 
prescription for tensoring objects of Ai with objects of C from the right, 

®M- MxC^M. (2.1) 

The tensor product CS>x must be compatible with the tensor product of C in the sense that 
there are associativity isomorphisms 

{M ^mU)^mV = M ®m{U®V) (2.2) 

for U,V E Obj{C) and M G Obj{/iA), such that the corresponding pentagon identity is satisfied, 
as well as unitality isomorphisms M 1 = M obeying appropriate triangle identities. 

A bimodule category i3 is a straightforward extension of this concept, allowing both for a 
left action of a tensor category C and a right action of a possibly different tensor category V, 

®^ : CxB^B and ®^ : BxV^B. (2.3) 

The compatibility conditions of the different tensor products are given by associativity isomor- 
phisms 

U ®^ {V ®^ X) = {U 0c V) ®^ X (left action) , 

(X ®^ /2) ®^ 5 ^ X {R ®v S) (right action) , (2.4) 

U (g)^ (X (g)^ R) = {U (g)^ X) (g^ R (left and right action commute) 

for U,V E Obj{C), R, S E ObjiV) and X G Obj{B). Again the various associators must fulfill the 
corresponding pentagon identities, and again there are also unitality isomorphisms satisfying 
triangle identities. In our application it is natural to take the category i3 to be a tensor category 
as well; then there are also the corresponding additional associators and pentagon identities. 

In section |3] we will see that the boundary structure constants encode the associator of a 
module category, while the structure constants of bulk and defect fields give the associator of 
a bimodule category. In the present section we define the expansion of these associators in a 
basis. This gives the fusing matrices for modules and bimodules. 

2.1 Fusing matrices for modules 

The right module category relevant for our purposes is the category Ca of left A-modules, where 
A is an algebra in a tensor category C (see e.g. section 1:4, or section 2.3 of [21]; we take C 
to be strict.) Given a left A-module M = {M,p), we can tensor with any object U of C from 
the right so as to obtain again a (generically different) left A-module M ®U = (M p® idjj) 
(with all tensor products taken in C). This defines a right action (g: Ca x C^Ca- 

We take A to be a symmetric special Frobenius algebra and C to be a modular tensor 
category. Then also Ca is semisimple and has a finite number of non-isomorphic simple objects 
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jn2lE3]- Let {Ui 1 2 gX} be a set of representatives of isomorphism classes of simple objects of 
C and {Mk | k G J^} a set of representatives of isomorphism classes of simple left A-modules. 
Thus lower case roman letters k, ... appear as labels for simple objects Ui, Uj, Uk, ... of C, 
while lower case greek letters /x, z/, ... from the upper range of the alphabet appear as labels 
for simple A-modules M^,M^,Mk,... (later on, we will use such greek letters also for simple 
bimodules). 

As a first step towards defining the fusing matrices for Ca we choose bases in the spaces 
HomA(M^( 



a 



Ma Ui 



G HomA(M^®?7i,M^ 



(2.5) 



We do not restrict this choice of basis in any way, except for 2 = 0, i.e. when Ui = l. In this 
case we demand the basis element to be = idu^,- Both the basis morphisms ()2.5|1 and the 

basis morphisms A^^^.^^, G Hom(t/j ® Uj, Uk) that were chosen in (1:2.29) will be labelled by lower 
case greek letters «,/3,7, chosen from the beginning of the alphabet. 

We also need bases in the spaces HomA(M^,M^®?7i), which we denote by {^i^*^''}. We 
choose these bases such that they are dual to the i^fij^^y in the sense that i^fuD^^'^^^a'^'^'^ = ^a,p idM^- 



Just as for the morphisms in (1:2.31), owing to the semisimplicity of Ca the morphisms 

obey the completeness relation 



A - 



EE 

K&J a=l 



(2.6) 



Ui U, 

Here we abbreviate the dimension of the morphism space Hom^(M^®f/j, M^) by Aj^*^; according 
to proposition 1:5.22, these non-negative integers give the annulus coefficients of the CFT. 

The fusing matrices G[A] relate two different bases of the space B.omA{M^^Ui^Uj, M^,) 
We denote these bases by {b^^l^} and {ft^^^}, with the individual vectors given by 




and 



^(2) 




(2.7) 
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Let us verify that these are indeed bases. Linear independence can be seen by composing with 
the corresponding dual basis elements. Completeness of {b^^lf^} is seen by applying (j2.6|) twice. 

A similar reasoning establishes completeness of {fe^^^^}. Also note that there are ^^^-l^i^-^jK 
basis elements of type 6^^^ and NijA^I^ basis elements of type 6^^^ . That these two numbers 
are indeed equal has been established in theorem I:5.20(v). In CFT, equality of the two sums 
means that the annulus coefficients furnish a NIMrep of the fusion rules jnHESESj- 

The fusing matrix of the module category Ca describes a change of basis from h^^"* to 6*^^^ . 
There exists a unique set of numbers ^[^^aK^^^^kS such that 




E E E Gi^i 



k£X 7=1 5=1 




(2.8) 



We denote the fusing matrix arising here by G[yl] rather than by F[yl], because in the Cardy 
case y4 = 1 it reduces to the inverse fusing matrix G of C, see (1:2.40). By composing (j2.8p with 
the basis of Hom^(M;^, M^®f/i(8>f/j) dual to {h^^l^}, one arrives at the following ribbon invariant 
for GUI: 




(2.9) 



A possibility to compute these numbers is to first find all simple A-modules by decomposing 
induced modules (see section 1:4.3), which is a linear (and finite) problem. Next one needs to 
identify the spaces Homyi(M^®?7j, Mj,) as subspaces of Hom(M^®[/j, M^). This can be done 
by finding the eigenspaces of the projector / i— > / that takes a morphism / G Hom(M^®f/j, My) 
to its y4-averaged morphism /, which is known to lie in the subspace Homyi(M^C?)f/i, My)^ see 
definition 1:4.3 and lemma 1:4.4. This is again a linear problem. These ingredients suffice to 
evaluate ()2.9p . 
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By construction, the matrices G[A] solve the pentagon relation 




(2.10) 



Explicitly, this pentagon reads 



J 02X03 , er52 



ft£,7i(jdi 



Acts, 71572 /32P72,5ir52 



P /3i,/32,7i 



(2.11) 



If one prefers the fusing matrix F of C to appear directly, rather than its inverse G, one may 
rewrite this in the form 



Xa-i ,71972 



/ > I. Jo2A«3 , er(52 I- Jcuke , 7i(j(5i <5ir(52 , /32 P72 



(2.12) 



r- (5i,52,£ 



When all morphism spaces involved are one-dimensional, these relations simplify considerably, 
e.g. ()2.1ip reads 



(2.13) 



Remark 2.1 : 

(i) The fusing matrices G[A] (or rather, their inverses F[yl]) also appear in an approach to CFT 
based on graphs and cells P^23j . where the notation ^^^F is used. The ^^^F are required to solve 
a pentagon relation; the corresponding equation for G[A\ is ()2.1ip . In fact, the associativity 
conditions between the categories C, Ca and aCa give rise to a number of pentagon relations, 
called the "Big Pentagon", for the corresponding associators. The associators and the pen- 
tagon relations can be visualised using cells (known as Ocneanu cells) [SEIISZ!, and can also be 
interpreted in terms a 2-category with two objects, see e.g. j2ZI for more details. 
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(ii) As observed for the Cardy case ^4 = 1 in P^ IHH] , and for the general case in jSHj , the pen- 
tagon for G[A] is equivalent to the sewing (or factorisation) constraint jH] for four boundary 
fields on the upper half plane. If denotes a boundary field which changes a boundary 
condition described by the A-module to (looking along the real axis towards +00) and 
has chiral representation label a, the boundary OPE symbolically takes the form 

'^r'^r= (2.14) 

c 

where the constants c'^^^ are the OPE coefficients^. Factorisation of the correlator of four 
boundary fields leads to the constraint [H] 



'^abf ^fcd 



E 



unp pup p (a fe c) ( 
Hce ^aed 'ef 



[2.15] 



By relation (j2.12|) . this equation in the unknowns c is solved by 
where again all multiplicity labels are omitted. 

And indeed, when evaluating the corresponding ribbon invariant in (j4.8|) below, one finds the 
explicit expression ()4.12|) for the coefficient occurring in the correlator of three boundary fields. 
This expression implies'^ ()2.16p . We thus arrive at the conclusion that the boundary OPE 
coefficients are given by the 6j-symbols of the module category Ca- 



2.2 Fusing matrices for bimodules 

The bimodule category that is needed for the description of the bulk structure constants is 
of the form '^CxBxC^B. Here C denotes the tensor category dual ^ to C in the sense that 
if C = (C, ®) then C = (C, ®°^''). Denoting the quantities in C with a bar, this means that 
U = U and U = U. The bimodule category B of interest here is the category aCa of 
A-bimodules, see definition 1:4.5. 

For the action of C and C on a^a there are, in each case, two possibilities. Let us start with 
C X aCa aCa- Given an object U of C and an A-bimodule X = {X , pi, p^), we define the 
bimodules U ^^X as 

U^^X := {U®X, {idu®pi) o (%"j®idx), idu®pr) and 

(2.17) 

U®-X := {U®X, {idu®pi) o (c^^^^idx), idu®pr) , 

^ With all multiplicity labels and coordinate dependence in place, one obtains an equation of the form 
(1:3.11). 

^ In H4.12|l the combination c^j'^'^c^^^ appears because it describes a three-point correlator, rather than an 
OPE coefhcient. 

As mentioned in section lTTTl we treat here only theories defined on surfaces of types (3) and (4). When one 
does not include surfaces with boundary, one can also consider heterotic theories, in which case more general 
bimodule categories C x B x V B occur. 

^ The dual of a tensor category (C, ®) is e.g. defined in section 6.2 of ^J, where it was taken to be (C°pp, ®) 
rather than (C, ®°pp). These two categories are tensor equivalent via the functor i.e. by taking the duals of 
objects and morphisms. 
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respectively. (In graphical notation, for the [/-ribbon passes above the y4-ribbon, while 
for ®~ it passes below.) We take the functor ®g to be given by Similarly we can define 
bimodules X (^^U when tensoring with U from the right as 

X ®+ [/ := (X®[/, pi^idu, (pr^idu) o (idx®%^)) and 

(2 18) 

X ®- [/ := (X®[/, pi^idu, (pr^idu) o (idx^c^^)) , 

respectively. (In graphical notation, again for U passes above A, while for ®~, it passes 
below.) We take the functor ®q to be given by ®^ . 

The reason for choosing the actions of C and C on aCa in this particular way is that 
defect fields are to be labelled by elements of the space B.omA\A{U (^"'"X®" V,Y) of bimod- 
ule morphisms between the A-bimodules U®~^X^~V and Y. In [TllII j instead the space 
Homyi|^(X(8)~ V, yc?>''~f/^) of bimodule morphisms was used. These two spaces are canonically 
isomorphic; an isomorphism can be given as follows. 

Lemma 2.2 : 

The mapping 

if: Hom^,A(X®- V',F®+[/^) ^ Hom^,A([/®+X®-\/,y) (2.19) 

given by 

cp(f) := {du ® idy) o {idu ® [cy,u- ° /]) (2-20) 

is an isomorphism. 
Proof: 

That (p{f) commutes with the left and right action of A follows by a straightforward use of the 
definitions. Further, one readily checks that the map if acting as 

(f{g) := Cy^Jv o (idf/v ^ g) o (bu ® idx ® idy) (2-21) 

for g G B.om.A\A{U^~^X®^V, Y) is left and right inverse to (p. / 

It follows from proposition 1:4.6 that the category of A-bimodules is isomorphic to the 
category of left modules over the algebra A^Aop. Since A is a symmetric special Frobenius 
algebra, so is A ® Aop. It follows that the category of A^ Aop-modules is semisimple, and hence 
aCa is semisimple, too. Let us choose a set of representatives {X^ | k. G /C} of isomorphism classes 
of simple A-bimodules. 

The algebra A is called simple iff it is a simple bimodule over itself or, equivalently, iff 
Z{A)qo = 1, see definition 2.26 and remark 2.28(i) of [3Tj for details. If A is simple, then we 
choose the representatives of simple modules such that Xq = A. 

Further, we choose bases of the spaces Hom^|yi([/j®"'"X^®~?7j, X^), with graphical 

representation 




(2.22) 
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For the special case i = j = we choose ^(o^iO)/^ = ^c'x^- The number of elements in the basis 

X I X 

{^{iiij)u} °f Hom^|^(?7j®+X^(8)~f/j-, X;^) is denoted by Z-^'' more generally, for any two A- 
bimodules X and Y we set 



dimHom^l^(f/i(g)+X(8)"f/,-,r) = dimRomA\A{X(S>~Uj,Y(»^Uj) ; 



(2.23) 



the second equality follows from lemma IT^ together with = f/j. We denote the basis elements 
dual to by ^^J^^^'^e HomA|yi(^^, ?7i®+X^®-[/j); they obey 



ry^j-L I 



idx, and 



I idr 



(2.24) 



The definition p.23|) of Z^^^ is in accordance with the definition via the ribbon invariant 
(1:5.151), as can be seen by inserting the second identity of ()2.24|1 into the ribbon graph (1:5.151) 
and using Z^q^= dim HomA|A(-^, ^)- The numbers Z^^^ also have a physical interpretation; 
they describe the torus partition function with the insertion of two parallel defect lines [^01] ; 
see section 1:5.10 for details. 

To motivate the definition of the fusing matrices for B = aCa, let us have a look at the left 
action of C on B. By semisimplicity, the isomorphism (X^®'^[/j) Uj = X^ ®g (f/j ® Uj) on 
objects gives rise to an isomorphism 



Hom^(X^ ®l U,, X^) ® Hom^(X,®^ U„ X,) 

K 

^ Hom^(X^ ®l Uk, X,) ® Hon/(f7, ® F,-, F^) 



(2.25) 



of morphism spaces. By definition, the space Hom''([/j ® Uj, Uk) of morphisms in C is equal to 
the morphism space Rom^iUj^Ui, Uk) in C, while Hom^(X^®j5f/i, X^) = Hom^|A(X^®-[/i, X^) 
etc. We would still like to describe the isomorphism ()2.25|) with the help of the graphical 
representation of morphisms in the ribbon category C. To this end we need a visualisation for 
morphisms in C. A natural possibility is to represent them graphically by coupons that face 
the reader with their back side. Thus, using dashed lines for ribbons with back side facing the 
reader (see the beginning of section 11:3 for conventions), we have 

w 



(2.26) 



s s 




for f Gilom'^{U ^V,W) =}iouf{V'^U,W), where on the left hand side the coupon labelled 
by / is showing the black side to the reader while on the right hand side it is showing its white 
side. 
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After these preliminaries we are ready to give the definition of the fusing matrices F[A|A] 
of the bimodule category j^Ca- We have 




gi,q2&I 7=1 <5i=l ^2=1 




(2.27) 



Note that this encodes both the left action of C and the right action of C; the individual actions 
can be extracted by setting i=j = or k = l = 0, respectively. 

An expression for the bimodule fusing matrix F[y4|y4] is obtained from ()2.27p by composing 
with the dual basis. One finds 





(2.28) 



Evaluating this expression is again a linear problem, but it is more complicated than the proce- 
dure for evaluating ()2.9j) . First one must find all simple A-bimodules. By proposition 1:4.6, this 
is the same as finding all simple A(g)Aop-modules, which (via the method of induced modules) is a 
finite, linear problem. Next, the subspaces B.omA\A{Ui X ®~Uj, Y) of Hom(?7j ® X ®Uj,Y) 
can be determined as images of the projection operators 

Y 



P{f) 




(2.29) 
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for / G Hom([/j ® X ® [/j, y). This is a linear problem, after the solution of which one has all 
the ingredients at hand that are needed to evaluate (j2.28p . 

By construction, the F[74|74] satisfy a pentagon relation; schematically, this relation looks 

hke 




(2.30) 



and explicitly it reads 



P,Q /3l,/32,/33,72,73 



Remark 2.3 : 

(i) In remark 12.1( 11) we have seen that the boundary OPE is given by the 6j-symbols of the 
module category Ca- In fact, similar considerations apply to bulk and defect fields. 
Let $a be a bulk field with chiral/anti-chiral representation labels «/, a^. Omitting all position 
dependence and multiplicity indices, the OPE of two bulk fields can symbolically we written 

as 

^^<Pp = J2cj<Py. (2.32) 

7 
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The OPE coefficients C^^ must solve a factorisation constraint coming from the four-point 
correlator on the sphere OEIE]; 

'-'a/3 '-^</37 — Z-^^ae f3-y ^ d^pi ^ Cr^Pr ' 

where again all multiplicity indices and summations are omitted. If we identify 

^V = F[A|A]S:!!;°,^;.-)°, (2.34) 

then p.33|) is equivalent to the pentagon relation p. 3111 for the F[y4|y4]-matrices. Recall that 
the bimodule index refers to the algebra A itself (we take A to be simple). 
In the TFT approach, the factorisation constraints hold by construction, and indeed the ribbon 
invariant ()4.28|) for the correlator of three bulk fields on the sphere (to be constructed in section 
14.41 below) leads to the coefficient ()4.34|) . which implies ()2.34j) . Note that in ()4.34|) two factors 
F[74|74] appear because this equation describes the coefficient for a three-point correlator, which 
is a product of two OPE coefficients. 

Let us now turn to defect fields. Denote by O'^ a defect field which changes a defect described 
by a bimodule into a defect described by X^. One can think of a bulk field as a special 
defect field 0'^ which changes the invisible defect (labelled by A itself) to the invisible defect, 
i.e. with /i and v set to zero. One can convince oneself that the OPE-coefficients of defect fields 
have to fulfill a factorisation condition similar to ()2.33j) and accordingly we would expect that 
these OPE-coefficients are also given by matrix elements of F[y4|yl]. As before, this does indeed 
result from the TFT-computation, see ()4.42|) below. Thus, just like is the case of boundary 
fields, the OPE coefficients of defect fields can be seen as the coefficients of a suitable associator 
morphism. 

(ii) It is also worth recalling a well-known geometric interpretation of the pentagon identity 
for the F-matrices (see e.g. jl2j). This uses a description of the 6j-symbols F of a semisimple 
tensor category as tetrahedra, with edges labelled by simple objects Ui and faces by morphisms 
Hom(f/j (g) f/j, t/fc), i.e. schematically 




(2.35) 



In this description, the pentagon identity corresponds to the equality between two ways to 
obtain the body of a 'double tetrahedron': first, by gluing two tetrahedra along a common face, 
and second, by gluing three tetrahedra along an edge common to all three of them (namely the 
edge that, in the ffist description, connects the two vertices not belonging to the distinguished 
face) and along three faces each of which is common to two of the tetrahedra. In the resulting 
equation, the labels of the common faces and the internal edge are to be summed over. 

To obtain an analogous interpretation of the pentagon relation ()2.31|) for bimodules, one 
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can represent the F[A|A] as prisms 




(2.36) 



in which the edges of the two triangular faces are labelled by simple objects of C and the 
remaining edges by simple A-bimodules. The pentagon ()2.31|) then describes again the equality 
between two ways to obtain a certain geometric body, this time a 'double prism': on one 
side (two F[/l|/l]s) two prisms are glued along a common quadrangle; on the other side, they 
are instead glued along a quadrangle of which two edges are those edges of the original outer 
quadrangles that were not involved in the previous gluing; at the remaining two edges the 
quadrangle must touch triangles, and this is achieved by gluing a tetrahedron to each of the 
original pairs of triangles. Again, the labels of common faces and internal edges are to be 
summed over. Pictorially, 




(2.37) 



2.3 Expressions in a basis 

As already pointed out, the fusing matrices G[A] and F[yl|yl] are completely determined by the 
modular tensor category C, the symmetric special Frobenius algebra A, and a choice of bases 
in the relevant morphism spaces. While the explicit expressions are not very illuminating, we 
still quickly go through the calculations, because later on we will need some of the quantities 
entering these computations. 

We can describe simple subobjects of an object V of C by bases {bY^^)} of the morphism 



spaces Hom(f/j, V) and the dual bases {by"^} of Hom(V, Ui 



satisfying b 



(i,a) 



(i,a) 



and the completeness property Xligi ^Jia) ° ~ ^'^v- Their graphical notation is 



V 



Ui 



(2.38) 



For modules, this amounts to the choice of morphisms introduced in (1:4.21). For bimodules we 



take analogously bf-^ G Hom([/j, X) and 6^'"^ G Hom(X, Ui). In terms of these embedding and 



{i,a) 
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restriction morphisms we can now expand the morphisms i^'^^i.-'^^, and ^("^j),^ described before, as 
well as their duals. We choose the conventions 



a 

{fj,k)u 



72, 

(C/,„,A-/„) (Un,M.) N^,^ n 

X] X] X] ^^{^lk)u\^^^2S 

m,nG2 7i=l 72=1 5=1 

7i 



Mf, Uk 
M^, Uk 



{U,n,AI^) {U„,M.) N^k" 

E E E El*"-: 

m,riSX 7i=l 72=1 5=1 



71, 



mn 
7172(5 



(2.39) 



Mu 



for the module basis; the expansion coefficients [V'(^fc)y]!^72<5 complex numbers. Analogously, 
for bimodules we choose 



Xu 




E E K 

l,m,n£X 7i,72,5i,52 



cj limn 
iifJ,j)iyhi'y2SiS2 




Ui U 



5" 




J7i72<5i<52 



l,m,nGl 7ii72,5i,52 




^2.40) 



Substituting the expansion ()2.39|) into the ribbon invariant ()2.9|) for G[y4] and taking the trace 
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on both sides of (j2.9p immediately leads to 



G[A] 



(fiij) V 



dim([/„) 
dim(A'4) 



Ey a ymr y 3 nrn y (^lk)y^mn r{mij)n 411 



71.72.73.74^ 
ei,£2,£3 



For the fusion matrices of the bimodule category one must substitute ()2.40|) into ()2.28|) . Using 
also the braiding relation (1:2.41), this results in 



dim(X^) 



a 1x5x4x3 1x3x2 



E E E 

Xi,...,X6 •fil,'fi2,'P3 ei,--->£6 

2x1 rHgiM92)i^lX5X6Xi \ ^ p~("^) 92 

l£2£l 1^1 \ip:iipi£s£6 / J P\&2 



pi 




'2A2) 



Applying the fusing relation (1:2.40) first to the vertex labelled €3 and then to the vertex labelled 
£4 finally yields 



FT 4 I 4lfe>'=')'^ 

■^L^I^J a7r/3,7gig2 5i<52 



dim(X^) 2^ 2^ 



ni,...,n6 



</'li'/'2,V'3 eiv,£6 



rta ln.5n4n3 In3n2ni rt ((3iAt(32)t^ln5"6"i 

LS(j/ifc)7rJ(/33ip2e4e3 L^(i7r;)i'Ji/'2</'ie2£i 



Ep-(«fe)g2 (-(jn40»^2 rimkl) 
P1S2 ^£3n3£2 , P2^^6P3 ^£4n4P: 



Jip3¥'l£5£6 

Jie p(U"6)ni 
£4"4P3 , e5'j2Pl £iri2P2 , 5igi£6 



^2.43) 



Pl,P2,P3 



In writing the expansions ()2.39|) and ()2.40|) . as well as the expressions 1)2.411) and ()2.43|) for 
the fusing matrices, we have included all multiplicity indices. In the Cardy case A = l treated 
below, as well as later on in section 14.81 we make the simplifying assumption that the fusion 
rules in C obey Nij' G {0, 1} so as to somewhat reduce the notational burden. 



2.4 Example: The Cardy case 

Let us now work out the fusion matrices for the module and bimodule categories in the case 
A = l. This choice for the algebra A corresponds to having the charge conjugation modular 
invariant as the partition function on the torus. As already mentioned, for further simplifi- 
cation we assume in the sequel that the fusion rules of the modular tensor category C satisfy 
Nij^ E {0, 1}; this allows us to suppress many of the multiplicity labels. 
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The simple 1-modules are just the simple objects of C, so that Ca = C as categories. We 
choose the representatives of simple modules as = with G X. Similarly, for the bimod- 
ules we have aCa = C, this time even as tensor categories, and we choose the representatives of 
simple bimodules as = [/^, fiEX. Note that we continue to use greek letters to label simple 
modules and bimodules to avoid confusion, even though now the three index sets X, J' and /C 
are identical. 

Next we must specify the basis elements ip'^^j^^^ and £Z..,•^.. that we will use. We make the 
choices 



and f7 •^ that we will use. 




and 



V 



1 ^A'^ 



a. 



V.7 




;2.44) 



where the (non-zero) constants /J^'*^ and afj'^^ can be chosen at will; later on they will serve 
as normalisations of the bulk, boundary and defect fields. The phases tj appearing in ()2.44|) 
have been defined in (11:3.43). If C is the representation category of a conformal vertex algebra 
we take tj = exp(— vriAj) with Aj the conformal highest weight of the representation labelled 
by j. The phases tj are convenient because they will lead to simpler expressions for the bulk 
two-point function on the sphere and for the bulk one-point function on the disk. 

Because of 4'(^lk)u ^iiomA^M^^Uk, M^) =B.om{Ufj,<^Uk,Uu), there is no need for a multi- 
plicity label in the first formula in ()2.44|) . In contrast, the dimension of the morphism space 
HomA\A{Ui^~^X^^~Uj,X^) = B.om{Ui®U^tS)Uj,U,,) can be larger than one, and accordingly 
the basis elements V^^i^j-^y are labelled by those simple objects that occur in the fusion t/^ ® Uj 
and for which Ni^ ^ 0. In the notation introduced in (j2.39|) and ()2.40|) the basis choice ()2.44|) 
reads 

[i'i,k).VJ' = and [ej^,) J!^^ = V' «ri7 ^yy • (2-45) 

The dot ' ■ ' stands for a multiplicity label that can take only a single value, the corresponding 
morphism space being one-dimensional. 

We also need the duals of the bases ()2.44p . One easily checks that these are given by 




and 



a 




Substituting the choice of basis (j2.44j) into (j2.9|) immediately yields 



:2.46) 



Pi: 



uk 



(2.47) 
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for the fusion matrices of Ca- 

For the fusion matrices of the bimodule category we deduce from (j2.28|) that 




Similarly to the calculation in ()2.42|) . applying the fusion relation (1:2.40) first to the vertex for 
Hom(f/j C?) Ua, Ut,) and then to the one for Hom(f/^ ® Uk, Ua) results in the expression 



3 Ribbon graph representation of field insertions 

In this section we present the ribbon graph representation for field insertions on boundaries, in 
the bulk and on defect lines. This will be used in section E] to express structure constants as 
invariants of ribbon graphs in three-manifolds. 

The ribbon graph representations will be given explicitly only for the case of unoriented 
world sheets. Recall from that in this case the relevant algebraic structure to describe the 
full CFT is a Jandl algebra. 

It is then straightforward to obtain the oriented case as well. Of course, given an oriented 
world sheet, one can just forget the orientation to obtain an unoriented world sheet, for which 
one can apply the construction below. However, this is not the correct procedure to use, since 
in the two cases different algebraic structures are relevant: 

oriented world sheets symmetric special Frobenius algebra 

unoriented world sheets Jandl algebra 

Thus for oriented world sheets one must formulate the construction of the ribbon graphs in a 
way that is applicable for any symmetric special Frobenius algebra, not just for those admitting 
a reversion. This can be done as follows. 
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First, as already emphasised, instead of a Jandl algebra, just a symmetric special Frobenius 
algebra is to be used. Second, whenever in the unoriented case an orientation ori of a boundary 
component, respectively or2 of a surface, enters the construction, then in the corresponding 
oriented case a canonical choice is provided by the orientation of the world sheet. In the unori- 
ented case there are equivalence relations linking the two possible choices for ori 2, and this is 
in fact the only place where the reversion of the Jandl algebra enters. In the oriented case these 
equivalence relations are not needed and hence only the symmetric special Frobenius structure 
is used. 

For example, recall from section 11:3 that in the unoriented case boundary conditions are 
labelled by equivalence classes [M, ori], where M is a left A-module and ori is an orientation of 
the boundary component. The equivalence relation (11:3.1) is that (M, ori) ~ (M', or'^) if either 
or'^ = ori and M' = M or if or'^ = —ori and M' = M" , where M" is the module conjugate to M 
(see section 11:2.3). To obtain the prescription in the oriented case, we use the orientation or^x 
of the boundary that is induced by the world sheet orientation orx to select the pair (M, or^x)- 
The second alternative in the equivalence relation is then obsolete. 

3.1 A note on conventions 

The construction of the ribbon graph described in this section departs slightly from the one 
used in ^ and |II j . resulting from a number of choices of conventions that have to be made. 
However, in the absence of field insertions the final result, i.e. the ribbon graph embedded in the 
connecting manifold, is still the same as in PTill j . To see this let us summarise the conventions 
we choose and point out how they differ from those in |T|III j . 

Category of three-dimensional cobordisms 

Recall from the summary in sections 1:2.3 and 1:2.4 that a three-dimensional topological field 
theory furnishes a functor [Z^Ti) from the cobordism category 3-cobord(C) to the category of 
finite-dimensional complex vector spaces; such a functor can be constructed from any modular 
tensor category C. It turns out to be convenient to give a definition of the objects and morphisms 
of 3-cobord(C) slightly different from the one used in section 1:2.4. 

Objects of 3-cobord are extended surfaces and morphisms of 3-cobord are cobordisms be- 
tween extended surfaces. An extended surface E consists of the following data: 

■ A compact oriented two-dimensional manifold without boundary, also denoted by E. 

■ A finite set of marked points - that is, of quadruples (pi, [7j],V^,£i), where the PiEE are 
mutually distinct points of the surface E and [7^] is a germ of arcs^ 'jf. [—6,6]^E with 
7j(0) =Pi. Furthermore, Vi G Obj{C), and Ei G {±1} is a sign. 

■ A Lagrangian subspace A C Hi{E, R). 

A morphism E E' is a. cobordism M, consisting of the following data: 

^ By a germ of arcs we mean an equivalence class [7] of continuous embeddings 7 of intervals [— (5, <5] cM 
into the extended surface E. Two embeddings 7: [—(5,(5] —> E and 7': [—(5', (5'] E are equivalent if there is a 
positive e<6,6' such that 7 and 7' are equal when restricted to the interval [— e, e]. 
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■ A compact oriented three-manifold, also denoted by M, such that dM = {~E)UE' . 

Here —E is obtained from E by reversing its 2-orientation and replacing any marked point 
(p, [7],f/, e) by (p, [7], [/, — e) with 7(t)=7(— t), see section 1:2.4. The boundary (9M of a 
cobordism is oriented according to the inward pointing normal. 

■ A ribbon graph R inside M such that for each marked point (p, [7], U,e) of {—E)UE' there 
is a ribbon ending on [—E)UE' in the following way. Let [0, 1] X [-^, ^] -^M be the 
parametrisation ^ of a ribbon S embedded in M and labelled by f/ G Obj{C). If e = +1, then 
the core of S must point away from dM and the end of S must induce the germ [7], i.e. 
(p{0,0) =p and [(/9(0,t)] = [jit)]. If e = —l, then the core of S must point towards dM, and 
ip{l,0)=p as well as [ip{l, —t)] = [y{t)], the presence of the minus sign implying that the 
orientation of the arc is reversed. 

The difference to the definition used in section 1:2.4 is that we do not take a surface with 
embedded arcs, but rather with germs of arcs. ^ The reason for using this definition of extended 
surface will become clear in section 15.31 where we assign a germ of arcs to a germ of local 
coordinates. 

Note also that the allowed ways for a ribbon to end on an arc-germ of an extended surface 
depend on the orientations of arc, ribbon- surface and ribbon-core, but not on the orientation of 
the three-manifold M or of the extended surface E. The two allowed possibilities are - looked at 
from 'above' and 'below' E, as well as from 'in front of and 'behind' the ribbon - the following: 




(3.1) 



(For instance, the first picture in the first row is the same as the fourth picture in the first row, 
as well as the second and third picture in the second row.) 

Ribbon graph embedded in the connecting manifold 

In the TFT description of correlators for oriented world sheets, we have the following conven- 
tions: 

^ By a parametrisation of a ribbon S we mean the following. S has a 2-orientation of its surface and a 
1-orientation of its core. The rectangle [0, 1] x [— j^] carries a natural 2-orientation as a subset of K^, and 
the interval [0, 1] x {0} carries a natural 1-orientation as a subset of the x-axis. A parametrisation tp of S is 
required to preserve both of these orientations. 

® This convention should be compared to those of which uses the arcs themselves, and of [20], which 
uses tangential vectors at the insertion points p. The present convention is a compromise between the two. 
Only the behaviour in an arbitrarily small neighbourhood of p is relevant, but it docs not need a differential 
structure on E. 
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■ The correlator for a world sheet X is described by a cobordism — ^ X, where X is the double 
of X. In particular, X is the outgoing part of the boundary c^Mx- 

■ Field insertions on the world sheet X lead to marked points on the double X. For the ribbon 
graph inside the cobordism X we take all ribbons ending on dMx to have cores pointing 
away from the boundary, i.e. e = +1 for all marked points on X. 

■ The non-negative integers (compare formulas (1:5.30) and (1:5.65), and lemma [221) 

Z{A)ij := dim HomA|A(«l(t/i), a^{Uj)) = dim }^omA\A{U^ ®+A ®" Uj, A) , (3.2) 

with a^{U) denoting a-induced^ bimodules, count the number of linearly independent pri- 
mary bulk fields $ij{z, z) that have chiral representation label i and anti-chiral representation 
label j. 

■ Boundary conditions are labelled by left A-modules. 

As a consequence (compare (1:5.30) or ()3.24jl below), when constructing the ribbon graph in 
Mx for an oriented world sheet X, the ribbons embedded in X must be inserted in such a 
manner that their 'white' side faces the boundary of Mx which has the same orientation as X. 
In particular, the orientation of the ribbon-surfaces is opposite to that of the world sheet X. 

This clashes with the prescription given in section 1:5.1, according to which orientation of 
the world sheet and the ribbons agree. The reason is that in ^ implicitly, the boundary of a 
cobordism was taken to be oriented according to the outward pointing normal. However due 
to the conventions above we should use the inward pointing normal. 

It is not difficult to convince oneself that all pictures and formulas in ^ and |II j remain 
unchanged provided that 

- one uses the inward pointing normal to orient the boundary of a cobordism, and that 

- the prescription in sections 1:5 and 11:3.1 is modified such that ribbons embedded in X C Mx 
have surface orientation opposite to the (local) orientation of X, and similarly their core has 
opposite orientation to 9X if they lie on the world sheet boundary. 

From hereon we use this modified prescription both in the oriented and in the unoriented case. 
3.2 Boundary fields 

A connected component b of the boundary (9X of the world sheet has the topology of a circle. 
On b there may be several insertions of boundary fields, and accordingly the intervals between 
the field insertions may be labelled by different boundary conditions. Below we will see that 
the configurations of fields and boundary conditions on such a boundary component are again 
labelled by equivalence classes, and that this labelling generalises the one for boundaries without 
field insertions. 

In the sequel we say that two curves w and /i are aligned in a point p of the world sheet iff 
there exist parametrisations w'{t) of w and /i'(t) of /i such that ro'(O) = p = /i'(0) and [zu'] = [fi']. 

^ For the notion of a-induction, which is due to see e.g. definition 2.21 of [SJ. The definition, as well 
as a list of references, is also given in section 1:5.4 where, however, the notation a^^' is used in place of . 
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Labelling of boundary insertions 

A boundary field ^ is a. collection 

^ = {M,N,V,ij,p,[j]) (3.3) 

of the following data: M, are left A-modules, V is an object of C, the morphism ip is an 
element of Hom^(M ® A^), pEdX is a point on the boundary of the world sheet X, and 
finally [7] is an arc germ such that 7(0) =p and that 7 is aligned to d\ in p. 

Denote by b([7i], ... , [7^]) a connected component of dX together with n arc germs [7^] such 
that 7fc is aligned to dX in 7^(0). The points 7^(0) mark the insertion points of the boundary 
fields. A boundary component b([7i], ... , [7„]) with n boundary field insertions is labelled by 
equivalence classes of tuples 

(Mi,...,M„,;iZ^i,...,!Z^„;ori) (3.4) 

subject to the following conditions. 

■ ori is an orientation of the boundary circle b. 

■ The points pk = 7fe(0) are ordered such that when passing along the boundary circle b opposite 
to the direction given by ori, one passes from p^ to Pk+i- (Here and below it is understood that 
Po =Pn and Pn+i =Pi, and analogously for and \Pk-) 

■ The Ml, ... , Mn' are left A- modules. labels the boundary condition on the stretch of 
boundary between Pk-i and pk. Thus if there are no field insertions, then n' = 1, and otherwise 
n' = n. 

■ The ^i, ... are boundary fields with defining data 

^k = {Mk,Mk+i,Vk,i^k,Pk,bk]) . (3.5) 
To define the equivalence relation we need 
Definition 3.1 : 

Let A be a Jandl algebra in C. Given an object V of C and two left A-modules M and A^, 
s = sm,n,v is the map s: Hom(M ®V,N)^ Hom(iV^ O V, M^) defined by 




AfV V 



for ?/;eHom(M®1/,iV). 
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Lemma 3.2 : 

Let A and s be as in definition O If G Honu(M ® V, iV), then s{ip) E Honu(iV'^ ® V, M''). 
Proof: 

The assertion follows by direct computation from the defining properties of conjugate left 
modules, as given in definition 11:2.6. ■/ 

We can now formulate the equivalence relation on labellings ()3.4|) of a boundary component 
b with (or without) field insertions. Consider two tuples 

(Mi,...,M„,;!Z^i,...,!Z^„-ori) and {M[, ... , M'^,-^ ... ,^'^-oi\) , (3.7) 

where = (M^, M^+i, Vk, ^pk, Pk, [7fc]) and = (M(, M^^^, V^', p'^, [7^]). We assume that the 
numbering of boundary insertions is done such that either pk = p'^ or pk = p'n^k (otherwise the 
numbering must be shifted appropriately). 



Definition 3.3 : 

The set of labels for the boundary component b([7i], ... , [7^]) is the set 

i3(b([7i], ... , [7n])) := {(Ml, ... , M„,; (P'l, ... , iP'^; ori)}A 



(3.8) 



of equivalence classes with respect to the following equivalence relation ~ : The two tuples ()3.7|1 
are equivalent iff one of the following two conditions is satisfied: 

(i) We have oi\ = oii, Vl = 14, p'k=Pk, [lk] = [ik], and for k = l, 
ifk G HomA(M^, Mfc) such that 



, n' there exist isomorphisms 



(ii) or'i = -ori, = p'k=Pn-k, [l'k\ = [in-k], and for /c = 1, 



ipk = ^k+i o -^'k o (V'fc ^ ® idv,) . 
ipk e Honi4(M^, M^,_^+J such that 
s{ipn-k) 



(3.9) 

, n' there exist isomorphisms 



i^k+io^'k°{^k^ ®^dvi) if or; = or(7[,) 



"fk+ioi^'k^iVk^ ®Ovi) if or; = -or(7^). 



(3.10) 



where or (7^) denotes the local orientation of b induced by the arc-germ [7^]. 



Marked points on tiie double 

Every boundary field insertion \l/ = (M, A^, V, ip,p, [7]) on X gives rise to one marked point on 
the double X. This marked point is given by 

fe[7],^,+) (3.11) 

with p= [p, ±or2(p)]. Recall from (ll.lj) that X is the orientation bundle over X with the two 
orientations identified over the boundary dX. To obtain the germ [7], first choose a represen- 
tative 7 of [7]. Since 7 is aligned with dX at p, by definition there exists a S>0 such that 
7: [—6, 6] dX. A representative 7: [—6, 5] — > X of [7] is then given by ^(t) := [jit), ±or2]. 

Given a labelling B e iB(b([7i], ... , [7n])), one can verify that the set of marked points on X 
obtained in the way described above is indeed independent of the choice of representative of B. 
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Ribbon graph embedded in the connecting manifold 



Note that in a small neighbourhood of a point p on the boundary of the world sheet X, the 
connecting manifold Mx from (11:3.8) looks as follows: 




(3.12) 



Indicated are also the intervals [—1,1], which according to the identification rule of the gen- 
eral prescription degenerate into an interval [0, 1] above each boundary point. The ribbon 
graph representation of the boundary component b([7i], ... , [7„,]) labelled by an equivalence 
class B = [Ml, ... , Mn'] ^i, ... , ^n', oil] in S(b([7i], ... , [7n])) is now constructed as follows. 

■ Choose a representative (Mi, ... , M„/; !Z^i, ... , ori) of the equivalence class B - Choice #1. 

■ Choose a dual triangulation of X such that the insertion points of b lie on edges of the 
triangulation - Choice #2. 

■ The orientation ori of the boundary circle b together with the inward pointing normal induces 
an orientation of its neighbourhood in the world sheet X. This fixes a local orientation of X 
close to b, which agrees with both the bulk and the boundary orientation of the upper half 
plane. 

■ At each vertex of the triangulation which lies on the boundary b place the element 



A 

i 




(3.13) 

M 



in such a way that the orientation of bulk and boundary agree with that around the vertex. 

^'^ Note that the orientations in this picture are opposite to those in (11:3.12). This is due to the change in 
convention explained in section [3. II 
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■ At each insertion point = (M^, M^+i, 14, ipk,Pk, [ik]) place one of the two elements 




(3.14) 



depending on the orientation of the arc-germ [7^] relative to that of the boundary (recall also 
the convention in ()3.Hl ). Shown in ()3.14j) is a horizontal section of the connecting manifold 
()3.12j) . Correspondingly the lower boundary in ()3.14|1 is that of Mx while the ribbons Mk 
and Mfc_|_i are placed on the boundary of X as embedded in Mx. The arrow on the boundary 
in ()3.14|) indicates the orientation of 9X (transported to dMx along the preferred intervals). 
The ribbon graph must be placed in the plane of the world sheet X (embedded in Mx) in 
such a way that the bulk and boundary orientation of (j3.14j) agree with the local orientations 
at the insertion point pk € X. 

The prescription involves two choices, and we proceed to show that different choices lead to 
equivalent ribbon graphs. 

■ Choice #2 : 

As in sections 1:5.1 and 11:3.1, independence of the triangulation follows from the identities 
(1:5.11) and (1:5.12). However, if there are field insertions on the boundary we need an additional 
move to relate any one dual triangulation to any other dual triangulation. It consists of taking 
a vertex of the triangulation past a boundary insertion. 




(3.15) 



■• — «-H 



together with a similar identity for an insertion of ()3.14l b). The dashed circle in ()3.15|) rep- 
resents the piece of ribbon graph inside the dashed circle in fl3.13|) . This identity is a direct 
consequence of the fact that the morphism ip in \P = (M, A^, V,ip,p, [7]) is an intertwiner of A- 
modules, ^ G HomA(M(g)V^, A^). 

■ Choice #1: 

Denote hy R= (Mi, ... , M„/; ^i, ... , ^n, oii) and R' = {M[, ... , M^,; ... , or'i) two represen- 
tatives of B. We will apply the above construction to the representative R' and show that the 
resulting ribbon graph can be turned into the one obtained from R. According to definition 
13.31 we must consider two cases. 

(i) ot[ = oti. Then also V^ = Vk, p'k=Pk and [7^] = [7^], and there exists a choice of isomor- 
phisms G HomA(M^, Mfc) fulfilling ()3.9j) . Starting with the ribbon graph constructed from 
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i?', we insert on each ribbon the identity morphism in the form icIm^ ~Vk'^ °fk, in such 
a way that 9?^^ comes next to the field insertion iZ^^^. Then we move the morphism Lfk to the 
other end of the M^-ribbon. As in (11:3.17), ipk can be taken past vertices of the triangulation, 
which may he on the boundary interval labelled by M(. After these manipulations, every field 
insertion Wj^ comes with the morphism ^9^^ to one side and with ipk+i to the other. In other 
words, for each k the morphism ■j/'fc appearing in (Z^^^ is replaced by (pk+i o i^i ° {'^k^ ® idy^) = ipk- 
We thus remain with the ribbon graph constructed from R. 

(ii) or'^ = — ori. Then also = Vn-k, v'k =Pn-k and [7^.] = [7n-fc], and there exist isomorphisms 



V^fe e HomA(M^, M^,_^_,_^), for k = l, ... ,n', fulfilling ()3.1()j) . We shall demonstrate the equiva- 
lence of ribbon graphs in some detail for the second case in ()3.10p : the first case can be seen 
similarly. Around the field insertion iPj^ the ribbon graph obtained from R', which we denote 
by [R'], looks as follows: 



--<i — 



ori 



■-<f- 



"V 



(3.16) 



The two opposite orientations of the boundary are indicated. We are facing the black side of 
the ribbons because in order to make the local orientations of (|3.16p induced by or'^ agree with 
those in ()3.14l b). the element ()3.14l b) must be turned 'upside down' before it is inserted. As in 
case (i) we insert icImi = '^r^° '^i each M/, close to After applying in addition a half-twist 
and using that, by definition, M°" = M^ as an object, this leads to 



[R'] 



ori 



K 



M, 
■ -J-— 



n-k + l 







K 
--<f-- 



(3.17) 



By a reasoning similar to that of (11:3.18) this specific combination of half-twist and ifk can be 
taken past vertices of the triangulation that lie on the boundary, i.e. past locations at which 
A-ribbons arriving from the bulk are attached to the module-ribbons on the boundary. Taking 
all of the If I to the neighbouring field insertion leads to a ribbon graph which close to looks 

as 



[R'] 




n-k + l 



(3.18) 



The morphism ifk+i has arrived from the insertion which is not visible in the section of 
the full ribbon graph [R'] that we display. Next rotate the coupons labelled by fk+i, 'ip'k and 
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(Pj^^ by 180° in the manner already indicated in figure (|3.18|) . and deform tfie resulting ribbon 
graph slightly, 




By the second alternative in ()3.10p . the morphism in the dashed box is equal to s{ipn~k)- After 
replacing the dashed box by the explicit form of s{ipn.-k) in (|3.6|) . the ribbon graph can be 
deformed so as to obtain the ribbon graph constructed from the representative R oi B. 

We have thus established that the ribbon graph that is obtained by our prescription for a 
boundary component b([7i], ... , [7„]) labelled by an equivalence class in i3(b([7i], ... , [7^])) is 
independent of the choices involved. 

3.3 Bulk fields 

A bulk field insertion is described by a point p in the interior of X, together with an arc-germ 
[7] at p and a label [^]. The set of labels for bulk insertions at [7] will be denoted by 2) ([7]). 
Similarly as for boundary fields, this set consists of equivalence classes of certain tuples. 

Labelling of bulk fields 

The equivalence relation will be formulated in terms of a linear map uj{^y that is defined as 
follows. 

Definition 3.4: 

For A a Jandl algebra in C, the morphism oj^^y'. Hom(f/ ® A®V^ A) ^YiomiV ® A®U^ A) is 
defined by 

A 




(3.20) 



V A U 

for (j) e Hom(?7 ®A®V,A). 

Some properties of the map u!^y that will be needed below are listed in the following lemma. 
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Lemma 3.5 : 

With A and u^y as in definition 13.41 we have: 

(i) For any (f) E Hom(f/ (g)A'S>V,A) one has Uyjj (w^y (</>)) = 0. 

(ii) If e Hom4|A(f/ ®+A (g)^ V, A), then a;^v'(</') ^ Hom4|A(V 0" t/, A). 
Proof: 

(i) Writing out the ribbon graph for the morphism uJy^(uJ^y{(f))^ and using a oa = 9a, one can 
deform the resulting ribbon graph (which amounts to using that C is sovereign) so as to be left 
with the graph for 0. 

(ii) One must verify that the morphism uj^y{(j)) commutes with the left and right action of A 
if itself does. This can be done by a straightforward computation using the definitions (j2.17|) 
and ()2.18|) of the left and right action of A as well as the defining properties (11:2.6) of the 
reversion a on A. / 



Definition 3.6 : 

Let [7] be an arc-germ around a point p = '~f{0) in the interior of X. The possible bulk fields 
that can be inserted at p are labelled by equivalence classes 

mi]) = {(z,J,0,P,[7],or2(p))}/~. (3.21) 

Here i,jeX label simple objects, is a morphism in B.omA\A{Ui^^A(S!)~Uj, A), the insertion 
point p is at 7(0), and or2(p) is a local orientation of the world sheet X around p. The equivalence 
relation is defined as 

{hjA,P, [l],OT2{p)) ~ (j,z,w^^c;^,(</)),p, [7],-or2(p)) . (3.22) 
Marked points on the double 

Each bulk field insertion on the world sheet X gives rise to two marked points on the double 
X. If (^i,j,(j),p, [7],or2(p)) is a representative of [(p], then these two points are 

(Pu ill], Ui, +) and {pj, [7^-], Uj, +) ; (3.23) 

the terms appearing in these tuples are given by pi = [p,oT2{p)], Pj = [p, —OT2{p)], as well as 
7j(t) = [7(t), or2(7(t))] and 7j(t) = [7(^)5 ~OT2{'j(t))]. Here or2(7(t)) is obtained by the extension 
of or2(p) to a neighbourhood of p. 

Just like in the case of boundary fields, one verifies that the marked points ()3.23j) on X are 
independent of the choice of representative of 

Ribbon graph embedded in the connecting manifold 

The ribbon graph representation of a bulk field is constructed as follows. 

■ Choose a representative {i,j,(f>,p, [7],or2(p)) of - Choice #L 

■ Choose a dual triangulation of X such that the insertion point p lies on an edge and such 
that the arc 7 is aligned with this edge at p = 7(0) - Choice 7^2. 
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The bulk insertion is treated as a two-valent vertex that is to be included in the dual trian- 
gulation. Locally around the insertion point p, the world sheet has the orientation or2. In 
Mx place the following ribbon graph: 






(3.24) 



In this figure we display the ribbon graph twice, once looked upon from 'above' the connecting 
manifold and once looked at from 'below'. In any case, the orientation of the A-ribbons is 
opposite to that of the world sheet and their white side faces the insertion point of the chiral 
field label 



The ribbon graph ()3.24j) must be placed in Mx in such a manner that the 
embedding respects the orientation of the three-manifold Mx, the local orientation or2 of 
the world sheet X, as well as the orientation of the arcs on the boundary of Mx. There is 



33 



precisely one way to do this; no further choice needs to be made. 



We proceed to estabUsh independence of the two choices. 
■ Choice #2 : 

Independence of the dual triangulation follows from the identities (1:5.11) together with a move 
that allows to take three-valent vertices of the triangulation past the two-valent vertex formed 
by the bulk field insertion 




(3.25) 



and together with similar identities for different local orientations and for situations where the 
y4-ribbon arrives from the other side. The empty dashed circle in picture ()3.25|) stands for the 
element (11:3.11), the dashed rectangular box for (11:3.13), and the dashed circle with inscribed 
for the element ()3.24|1 . Analogously as for (1:5.11) and (1:5.12),^^ the equality follows in a 
straightforward way upon substituting the definitions and using that the morphism is an 
intertwiner of A-bimodules. 

■ Choice #1: 

Let {i,j,(j),p,['j],OT2) and (j, z, 0', p, [7], — or2) be the two representatives of i.e. we have 
(j)' = uj{^.jj.{(l)). We must show that 

^ ^ = ^ (3.26) 

The dashed boxes stand for (11:3.13) and (11:3.14), respectively, while the dashed circle with 
or 0' inscribed stands for the element (|3.24p . inserted with the appropriate orientation. 

To facilitate drawing, let us rotate the middle plane of ()3.24|) into the paper plane and use 
the blackboard framing convention. Equation ()3.26|) then looks as follows. 




(3.27) 



In the right figure one must insert the element ()3.24|1 'upside down' because the local orientation 
of the world sheet is inverted with respect to the left figure. As compared to ()3.26p . on both 
sides of the equation one coproduct has been removed against one product using the Frobenius 

For detailed derivations, see | V| . 
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Comparing with ()H.2()j) we see that the part of the ribbon graph inside the dashed box amounts 
to the morphism 

I dashed box ' = (0') = <p , (3.29) 

where the last equahty follows from the equivalence relation for bulk labels which forces 
(f)' = uj^_jj^{(j)), together with lemma ESI Thus (j3.28j) is equal to the left hand side of (j3.27j) . 
establishing the claimed equality between the left hand side and the right hand side of (j3.27p . 

This finishes the demonstration that the ribbon graph for a bulk field insertion is independent 
of the choices involved in its construction. 

3.4 Defect fields 

Together with the defect fields treated in this section, the three types of fields we consider are 
bulk field boundary field defect field 

(3.30) 



Note, however, that this is not the most general way to treat defects. In fact, upon forming 
operator products, the first two kinds of fields in ()3.30|) close amongst each other. But once 
we include also the defect field, we can generate the following more general class of fields by 
taking operator products. 




(3.31) 



i.e. a boundary field with several defect lines attached and a defect field with more than two 
defect lines ending on it. For example, a field of the first kind can be obtained by taking the 
operator product of a boundary field and a defect field of the types listed in (I3.30|l . While 
fields of the type ()3.3H1 and their operator products can be treated in the TFT-formalism in a 
natural way, in this paper we will nonetheless only consider fields of the types ()3.3()|1 . 



35 



Labelling of defect fields 



Recall from section 11:3.8 that a circular defect d without field insertions and with orientable 
neighbourhood is labelled by equivalence classes of triples [X, ori,or2], where X is an A- 
bimodule, ori is an orientation of the defect circle and or2 is an orientation of its neighbourhood. 
The equivalence relation is given in (11:3.150). 

In order to describe the labelling of a defect circle with field insertions d([7i], ... , [7^]) we 
first need the following definition. 

Definition 3.7: 

The linear maps 



and 



u : B.om{Ui ^Uj,Y) Rom{Uj ^X^Ui, Y) 
u : Hom(t/, ^X0Uj,Y)^ Iiom{Ui ® Y""^ Uj, X^) 



(3.32) 



are defined by 




and 




(3.33) 



Uj X Ui 

for ^9 e Eom{Ui ®X®Uj,Y). 

The maps u and u will enter into the formulation of the equivalence relation for defect 
labels. This also requires the following lemma, which can be verified by direct calculation. 

Lemma 3.8 : 

Let A be an algebra and let X, Y be A-bimodules. Then u restricts to an isomorphism 

u : EomA\A{Ui ®+ X ®~ Uj, Y) EomAiA{Ui 0+ Y'' Uj, X^) . (3.34) 

If A is a Jandl algebra, then in addition u restricts to an isomorphism 

u : Hom^|A(f/i ®+ X 0" Uj, Y) ^ RomAiAiUj ®+ X' 0" Ui, Y') . (3.35) 

Here X^ ,Y^ and X^^Y'^ denote two of the three duals one has for the bimodules X, F , as 
defined in (11:2.40). 

After these preliminaries we turn to the description of defect labels. Let A be a Jandl 
algebra. A defect field 6* is a collection of data 



= ( X, or2(X), F, or2(F), z, j, ^9, p, [7], or2(p) ) 



(3.36) 
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Here i,j gX, X,Y are A-bimodules, and ot2(X) and ot2(Y) are local orientations of the world 
sheet on a neighbourhood of the defect line labelled by X and Y, respectively; is a morphism 

i?eHonu,^(f/i®+Z®~t/j,Z'), (3.37) 

where 

r X if or2(X) = or2(p) , . 7, _ / ^ if (F) = or2(p) , 

^ " 1 if or2(X) = -OT^ip) '''''' I if OT^iY) = ~OT,{p) . 

Finally p = 7(0) is the insertion point of the defect field, and [7] is a germ of arcs aligned with 
the defect line at p. 

A defect circle d([7i], ... , [7„]) on the world sheet is labelled by equivalence classes of tuples 

(Xi,or2(Xi),...,X„,,or2(X„0; ori(d)), (3.39) 

subject to the following conditions. 

■ ori(d) is an orientation of the defect circle d. 

■ The points PA;=7fc(0) are ordered such that when passing along the defect circle d in the 
direction opposite to ori(d), one passes from pk to pk+i- Here and below it is understood 
that po =Pn and Pn+i =Pi, and similarly for X^ and Ok- 

■ The Xi, ... ,Xn' are A-bimodules. Xk labels the defect interval between pk-i and pk- Thus if 
there are no field insertions, then n' = 1, and otherwise n' = n. 

■ or2(Xfc) is a local orientation of the world sheet on a neighbourhood of the defect interval 
between pk-i and pk- 

■ ©fc is a defect field with defining data 

Ok = (Xfe,or2(Xfc),Xfc+i,or2(Xfc+i),2fc, [7fc], or2(pfc) ) • (3.40) 



Because of the large number of orientations entering the labelling of a defect circle, the 
equivalence relation on the tuples ()3.39p becomes somewhat technical; we include it merely for 
completeness of the presentation. 

The relation is conveniently formulated in terms of five basic relations. The full equivalence 
class is obtained by completing the relations generated by the basic relations with respect to 
transitivity and refiexivity. Consider the two tuples 

T = (Xi,or2(Xi), ... ,X„/,or2(X„/) ; Oi, ...,0n ; ori(d) ) , 

r = ( X[, ot',{X[), ... , X;„ or'2(X:,,) ;©;,..., 0; ; or;(d) ) . ^'^^^ 

The basic relations are: 

If the neighbourhood of the whole defect circle is non-orientable we require that there is at least one 
field insertion. This field insertion can transform like an identity field, though, in which case correlators are 
independent of the insertion point of this field (recall the corresponding discussion in the second half of section 
11:3.8). 
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■ Relation 1 : Shift of labels. 

The tuples T and T' are equivalent if their data are related by or'^(d) =or^(d) and, for every k, 
X', = X,+i, or'2(Xi,) = or2(X,+i) and O', = 0,_,,. 

■ Relation 2 : Reverse orientation of the defect circle, or'^(d) = — ori(d). 

Suppose or'^(d) = — ori(d). Then T and T' are equivalent if the following conditions hold. First, 
the ordering of the points is reversed in both labellings, [7^] = [7n-fc] • Second, the bimodules 
labelling the defect intervals are related by Xk = Finally, the defect fields 0k are 

related to the fields 

= (^£,or2(X;),X;+i,or^(X;+i),i^,j;,^?;,p^, [7^],or^(p^)) (3.42) 



via 

i'n-k, fn-k, P ° u{K-k) O (a ® /3 ® a),p'^_k, [in-kl , OT2{Pn-k) ) 

where u is the map defined in (j3.33p . and 



(3.43) 



n — k 


if ori(7fc) 


= ori(d) , 


n — k 


if ori(7fc) 


= -ori(d) , 


■'n-k 


if ori(7fc) 


= ori(d) , 


0-u], 

■'n-k 


if ori(7fc) 


= -ori(d) , 



if or2(pfc)=or2(Xfc), 
^7x' )v if or2(pfc) = -or2(Xfc) 



id(x;_jv if or2(pfc) =or2(Xfc+i) , 
6'(x;_jv if or2(pfc) = -or2(Xfc+i) 



(3.44) 



For the next relations, select any A;o G {1, 2, ... , n'}. 
■ Relation 3 : Isomorphism of bimodules, —^ko- 

The tuples T and T' are equivalent if all data of T' coincide with the corresponding data of T, 
possibly with the exception of 0'i^^_^ and 0[^. In the latter case we require the existence 
of an isomorphism ip G Hom^|yi(X(^, X^g) such that 

= V'^'o^fco-i and ^'=^koo{idu.,^^^®idu,J, (3.45) 







where and are the morphisms in the defining data of 0' and 0. 

■ Relation 4 : Reverse orientation at a field insertion, oT'2{pko) = —OT2{pko)- 

The tuples T and T' are equivalent if all data of T' and T agree, with the exception of 0'^^^, for 

which it is instead required that if 

0ko = {^ko,OT2{Xko),Xko+l,OY2{Xko+l),iko,jko,^ko,Pko, bko],OT2{Pko)) , (3-46) 

then 0'i^^ is given by 

^'ko = ( ^ko , or2 {Xko ) , , or2 (Xfco+i ) , (347) 

Jko , 4o , /3 o u(^9fco ) o (a ® /3 ® a) , pfco , [7fco] , -012 {pko ) ) , 
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where u is the map defined in (j3.33p . and 

[idu^^^ if ori(7fcJ = -ori(d) , if or2(pfcJ = -oT2{Xk^) , 

5 = l^^'^o ori(7fcJ =ori(d) , ^ ^ U^x.^+i if 012(^^0) = or2(Xfc„+i) , 
lidc/, if ori(7fcJ = -ori(d) , \^xL+, if or2(i^A:o) = -or2(Xfc„+i) 



(3.48) 







(3.50) 



■ Relation 5 : Reverse orientation at a defect segment, ot2{X'i^^) = —oT2{Xko). 

The tuples T and T' are equivalent if all data of T' and T agree, with the exception of Xk, and 

or2(Xfco), as well as Oko-i and 0ko- For the latter we demand 

{X',J = X,, and or'2(X^J = -or2(X,J, (3.49) 

as well as 

Oko-l = iXl^_,,OT',{Xl^_,),{X'J\-oT',{X'J, 

4-l'Jfco-l'/3°^fco-l'^'fco-l' [7fco-l]'04(Pfco-l)) ' 
©fco = {{X'J\-OT',{X'J,Xi^^,,OT',{Xi^^,), 

where 

^ ^ I'^^^^o °^2(Pfco) = or2(XfeJ , ^ ^ fid^,^ if or2(pfco-i) = 01-2(^^0) , .3 

I e-\ if or2(pfcJ = -or2(XfcJ , [ ^x; if oi2{Pko-i) = -or2(XfcJ . 

The set of labels for the defect circle d([7i], ... , [7^]) is given by the equivalence classes 
'D(d([7i],...,[7n])) = { (Xi,or2(Xi),...,X„,,or2(X„,0; 0i,...,0n; ori(d)) }/~, (3.52) 
where ~ is the equivalence relation generated by the five basic relations given above. 

Marked points on the double 

For a defect insertion on the world sheet X the marked points on the double X are the same as 
for bulk fields. Each insertion 

0= (X,or2(X),F,or2(F),2,j,t9,p,[7],or2(p)) (3.53) 

on the world sheet X gives rise to two marked points 

{pi,[%],Ui,+) and iPjAlj]^Uj,+) (3.54) 

on the double X. Here again pi = [p, or2(p)], pj = [p, — or2(p)], as well as ^i(t) = [7(t), or2(7(t))] 
and7,(t) = [7(t),-or2(7(i))]- 
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Ribbon graph embedded in the connecting manifold 

The ribbon graph representation of a defect circle d([7i], ... , [7^]) labelled by an equivalence 
class D G !D(d([7i], ... , [7n])) is constructed as follows. 

■ Choose a representative (Xi, or2(Xi), ... , or2(X„/); Oi, ... , On', ori(d)) of D - Choice #1. 

■ Choose a dual triangulation of X which contains the defect circle as a subset, such that each 
defect insertion lies on an edge of the dual triangulation - Choice ^2. 

■ At each insertion of a defect field 0= (^X,oT2{X),Y,oT2{Y),i, j,{},p, [7],or2(p)) place - de- 
pending on the various orientations - one of the following eight ribbon graphs: 



Cases (l)-(4): 





(3.55) 



Here in all cases the coupon labelled by is placed in such a way that its orientation is 
opposite to oT2{p). The bimodule ribbons are always placed such that the orientation of their 
cores is opposite to ori(d). The bimodules Z and Z' are related to X and Y as in ()3.38p . 
In cases (l)-(4) the orientation of the arc-germ [7] is equal to — ori(d). Those parts of the 
ribbon graphs that we have put in brackets are to be inserted only if ot2{X) = — or2(p) and 
OY2(Y) = —oT2{p), respectively. In cases (5) -(8) the orientation of the arc-germ [7] is equal 
to +ori(d); the parts of the ribbon graph in brackets are to be understood in the same way 
as in cases (1) - (4). 

We only briefly sketch how to establish independence of these choices. 

■ Choice #2 : 

As for bulk fields the fact that the morphism in a defect field O is an intertwiner of A- 
bimodules allows one to move vertices of the dual triangulation past insertion points of defect 
fields. 

■ Choice #1 : 

Suppose T and T' are two representatives of the equivalence class D labelling the defect circle. 
We have to establish that if T and T' are linked by one of the five basic relations above, then the 
construction leads to equivalent ribbon graphs. This can be done by straightforward, though 
tedious, computations. We refrain from presenting them in any detail, except for the example 
that T and T' are linked by relation 2. 

If T and T' are linked by relation 2, then in particular pf^ — p'n—k' Select a point p — — p'n_jf.Q 
and consider only the fragment of the ribbon graph for T and T' close to p. Suppose further 
that ori(7fcJ =ori(d), or2 (pfco ) = (X^g ) and OT2{pko) = -OT2{Xko+i). The other instances of 
relation 2 follow by similar considerations. Denote the fragments close to p by [T] and [T']. 
Applying the construction above gives 




(3.56) 



Here we displayed the graphs (j3.55|l using blackboard framing. The upper and lower bound- 
ary in these figures represent the upper and lower boundary of the connecting manifold Mx- 
According to ()3.43|) in the graph [T] we should substitute Xk^ = (X^.fcg+i)^, -^fco+i — (^n-fco)''' 
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iko=i'n-ko^ jko =fn-ko and i^ko=Oix' ou{K-ko)- ^his results in 




One can now verify that this ribbon graph fragment can be deformed into [T'] in (|3.56p . 

4 Ribbon graphs for structure constants 

The correlation function for an arbitrary world sheet X, which may have boundaries and field 
insertions, and which may or may not be orientable, can be computed by cutting X into 
smaller pieces and summing over intermediate states. This procedure is known as 'sewing'. In 
principle, every correlator can be obtained in this way from a small number of basic building 
blocks, namely the correlators of 

— three boundary fields on the disk; 

— one bulk field and one boundary field on the disk; 

— three bulk fields on the sphere; 

— one bulk field on the cross cap. 

(The last of these is only needed if non-orientable world sheets are admitted.) Some correlators 
involving defect fields will be presented as well, namely 

— three defect fields on the sphere; 

— one defect field on the cross cap. 

However, recall from the discussion in section 13.41 that this does not correspond to the most 
general way to treat defects. When cutting a world sheet involving defect lines into smaller 
pieces, one is forced to also consider fields of the type ()3.3H) . which we will not do in this paper. 

The aim of this and the next two sections is to derive expressions for the building blocks 
listed above in the form 

(correlator) = (const) x ( conformal block ) . (4.1) 

The constants appearing here, to be referred to as structure constants, will be obtained in 
sections l4 . 2H4. 71 as ribbon invariants in the 3-d TFT. The conformal blocks are then introduced 
in section and finally the connection to correlation functions is made in section [Ul 

Since a given world sheet X can be reduced to the fundamental building blocks in several 
different ways, the latter must fulfill a set of consistency conditions, the so-called sewing or 
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factorisation constraints [11112111311121101131221 • The correlators computed in the TFT approach 
satisfy these constraints by construction |H l V j . 

When giving the correlators on the disk and on the sphere in sections l4.2H4.5l we will fix a 
(bulk and boundary) orientation for the world sheet from the start. In this way the expressions 
we obtain are valid for oriented CFTs as well. In the unoriented case we can change the 
orientation without affecting the result for the correlator, by using the equivalence relations of 
section (21 

4.1 Standard bases of conformal blocks on the sphere 

Let the world sheet X be one of the building blocks listed above. To compute the constants in 
()4.H) we first construct the ribbon graph representation in Mx of the correlator on X according 
to the rules given in section IHl The TFT assigns to Mx an element C(X) in the space ?i(X) of 
blocks on the double X. In the cases considered here, X is either the sphere S'^ or the disjoint 
union S^U{-S^). The constants are the coefficients occurring in the expansion of C(X) in a 
standard basis of blocks in 7i(X). In the present section we describe our convention for the 
standard basis in 7i(S'^). In section |S1 this basis will be related to products of chiral vertex 
operators. 

Take the sphere to be parametrised as U {oo}. Define the standard extended surface 
-E'o,n[^i, ■ ■ - in] to be U {oo} with the standard orientation, together with the marked points 
{{{k, 0), [jk], Uii^,+)\k=l, ... , n} and 7fc(t) = {k+t, 0). If it is clear from the context what rep- 
resentations occur at the marked points, we use the shorthand notation i?o,n for i?o,n[^i, ■ ■ - in]- 
Let the cobordism B^ n = Bo nlH, ■■■ , in] Pi, ■■■ ,Pn-3', ^i, ■■■ , be given by the three-manifold 
{(x, y, z) eM.^ \ z>0} U {oo} together with the ribbon graph 



where the 6m label the basis elements (1:2.29) in the spaces of three-point couplings. For 
example 5i = 1, ... , iVjjjf ^ labels the basis of Hom([/j2 ?7ii, f/pj. Note that in ()4.2j) all rib- 
bons are oriented in such a way that their black side is facing the reader. The linear map 



B, 



0,71 




(4.2) 
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■Z'(i?o,n, 0, -E'en): C — 7i(i?o,n), applied to 1 e C, and with all possible choices of the labels 
Pi, ... ,Pn-3 and 6i, ... , Sn-2, gives the standard basis in the space 7i(£'o,n)- For a proof that this 
is indeed a basis, see e.g. lemma 2.1.3 in chapter IV of JH] or section 4.4 of [201 • Situations 
in which the insertion points are at different positions or in which the arcs are oriented in a 
different way can be obtained from ()4.2|1 by continuous deformation. 



4.2 Boundary three-point function on the disk 

Consider the correlator of three boundary fields on a disk. For future convenience we regard 
the disk as the upper half plane plus a point. What is shown in the picture below is a piece of 
the upper half plane: 

y 



M 



N 



<1'2 



K 



1^/3 



(4.3) 



M 



X2 



a;3 



On the world sheet we choose the standard orientation for bulk and boundary, as indicated. 
The three boundary fields are given by 



= (iV, M, U,, ^1, xi, [71]) , ^2 = {K, N, U„ ij2, X2, [72]) 
^3= iM,K,Uk,^3,X3,[l3])■ 



m 



Here the coordinates of the insertion points satisfy < Xi < X2 < X3, and the arc germs [7^] 
at these points are given by ■jiit) = {xi+t,0) for £e{l,2,3}. Further, f/j, Uj, Uk are simple 
objects, while M, iV, K are left A-modules. 

Following the procedure for boundary fields described in section 13.21 one finds that the 
correlator is determined by the cobordism 



M 



<- -i 



N 



:- <5- 



K 



X 















r 


1 i 

1 ' > 




— 1 ' > 




\k 





(4.5) 



X3 



In more detail, this cobordism is obtained as follows. First note that in the situation at hand 
any A-ribbons resulting from a dual triangulation of the world sheet X can be eliminated by 
repeatedly using the moves (1:5.11) and (1:5.12). Thus only the module ribbons with the field 
insertions as in figure ()3.14|1 remain. As explained in section ITTI all ribbons are inserted with 
orientation opposite to that of the world sheet. Also note that the three-manifold displayed in 
()4.5p is topologically equivalent to the one indicated in ()3.12p . 
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According to section I^Tl the structure constants c{M^iN''p2K^^M)i are defined to be the 
coefficients occurring when expanding (j4.5p in terms of a standard basis for the space of blocks 
7Y(X). In the case under consideration, X is the sphere with field insertions at xi, X2, x^. The 
standard basis is given by the cobordisms 



,-17' 



B{xi,X2,X3] 




(4.6) 



which are obtained from ()4.2|) by shifting the insertion points appropriately. The defining 
equation for the structure constants thus reads 



Z(Mx, 0, X) = ^ c{M^,N^2K^3M)s Z{B{xuX2, Xs)s. 0, X) • 



(4.7) 



5=1 



To determine the coefficients cg we compose both sides of the equality with Z{B(xi, X2, 2^3)5, X, 0) 
from the left, where Bs is the cobordism dual to Bs. This removes the summation and results 
in the desired ribbon invariant expressing c^: 



M 



SI 



c{M^iN^2K^zM)i 



^ - - ~ ''>p2[ ~ '"03^ 

i---'""""^ 




SI 



(4.8) 



Here the second equality amounts to rotating the ribbon graph in 5*^ by 180° degrees, so that one 
is looking at the white sides of the ribbons, rather than their black sides. Also, we introduced 
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the notation Si, to indicate the graphical representation of the normalised invariant of a ribbon 
graph in S^. Recall from the end of section 1:5.1 that when the picture of a ribbon graph in a 
three-manifold M is drawn, it represents the invariant Z{M.) except when M = S^, in which case 
it rather represents Z(M)/5'o,o- Since 5*0,0 = Z{S^), this amounts to assigning the value 1 to the 
empty graph in S"^. To stress this difference, we label figures representing normalised invariants 
in by Si,, rather than by S^. (This notational distinction was not made in |T|lIipiIIj . where 
the normalisation convention for S"^ is used implicitly.) Recall also that, by definition, we have 

S,f = Y,dnnm'. (4.9) 

Let us express the constant c{M^iN^2K\p3M)s in terms of the basis introduced in ()2.5p . 
To this end we take the modules M, A^, K to be simple. A correlator labelled by reducible 
modules can be expressed as a sum of correlators labelled by simple modules. We set 

M = M^, N = M,, K = M^ (4.10) 

and 

^i = ^r^V, ^2 = ^("4., v^3 = t^[;v. (4.11) 

It is then straightforward to compute the invariant ()4.8|) from relation ()2.8p for the fusing matrix 
of the module category Ca- The result is 

A- ^-f/J 

c{M^,N^,K^,M), = dim(M,) J2^[Aif:^ ,,, G[A]Sr.o. • (4-12) 

/3=1 

The dot ' ■ ' stands again for a multiplicity label that can only take a single value, the corre- 
sponding morphism space being one-dimensional. 

Formula ()4.12|) is in agreement with equation (4.16) of [22] • Note that in [22], the quantities 
^^^F are taken as an input, whereas the corresponding quantities G[A] can be computed (with 
some effort) in terms of the multiplication of A and the fusing matrices F of C, see section 1231 

Expressions for the structure constants of three boundary fields in rational conformal field 
theory have been obtained previously in various cases for models with charge conjugation 
invariant [211221111115 and non-diagonal models [Tr| l48j . 

4.3 One bulk and one boundary field on the disk 

The next correlator we consider is that of a bulk field ^ and a boundary field \1/ on the disk, 
which we again describe as the upper half plane: 

y 





4> 






M 




1 k 


M 




s 



(4.13) 
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The dotted line indicates the dual triangulation that we will use later on in the construction of 
the ribbon graph. The bulk and boundary fields are the tuples 



{hj,<P,P, [70],or2) 



and 



^ = {M,M,Uk,iJ,s,[^^]) 



(4.14) 



where label simple objects, G RoniAiAiUi ®~^A ®~ Uj, A) and ip G Honu(M ® Uk, M). 

Further, the insertion points are p = (x, y) and s = (s, 0) with y>0 and s > x > 0, and the two 
arc germs are given by 7(/,(t) = {x+t,y) and 7^(t) = (s+t,0), respectively. The orientation or2 
is the standard orientation of the upper half plane at the insertion point of the bulk field. 

The construction of section IHl yields the following ribbon graph inscribed in the connecting 
manifold: 




(4.15) 

Here the three-manifold has been drawn as in (|3.12j) . Also, in ()4.15p it is understood that the 
M-ribbon that leaves the picture to the left and to the right is closed to a large loop. One 
may now 'unfold' the boundary dMx so as to arrive at the equivalent representation of the 
three-manifold used also in ()4.5|1 . This yields 

M 



X 




(4.16) 
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To verify that this cobordism is indeed the same as (j4.15|) . one best works in the full ribbon 
representation and translates the picture to blackboard framing only at the very end. 
The basis of blocks in 7i(X) in which we expand Z{Mx, 0, X) is given by 



B{x,y,s) 




(4.17) 



Also indicated in the figure is the continuation path that one has to choose starting from the 
standard situation (j4.2j) . The structure constants c{$]M^)s are the expansion coefficients of 
PTI)|l in terms of (pTTfl . 

Z(Mx, 0, X) = 5^ c(^; M^)s Z{B{x, y, s)s, 0, X) . (4.18) 
s 

Gluing the cobordism dual to B{x,y,s)s selects one term in the sum on the right hand side 
and thus yields, after a rotation by 180°, the ribbon graph 




Remark 4.1 : 

An interesting special case is the correlator of one bulk field on the upper half plane, without 
any boundary field insertion. The corresponding structure constant c(^; M) can be obtained 
from ()4.19|) by taking the boundary field to be the identity, ^ = (M, M, 1, id^;/, [7]). Doing so. 
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one gets 

M 




(4.20) 



To obtain ()4.20j) from (j4.19|) . one needs to get rid of one of the A-ribbons that are attached to 
the M-ribbon, by first moving the two representation morphisms close to each other, and then 
using the representation property (1:4.2), taking the resulting multiplication morphism past 
(which is allowed because commutes in particular with the left action of A on itself). The 
resulting A-loop can be omitted owing to specialness, so that one is left with the unit rj. To 
arrive at ()4.20|) it then only remains to deform the resulting ribbon graph a bit. 
A ribbon graph of the form ()4.20|) was already encountered in the definition of the quantity 
in (11:3.89). It follows that 

.(^;M)^^1^^. (4.21) 

where is the morphism enclosed in a dashed box in ()4.2()j) . 

Next we express the invariant (j4.19|) in a basis, making the simplifying assumption that 
Nij E {0, 1} and that {Ui, A) E {0, 1}. This implies in particular that A is haploid and thus 
simple. By convention, the bimodules are then labelled in such a way that Xq = A. Let us 
choose the boundary condition and the morphisms for the bulk and boundary field in c(^; M\P) 
as 

M = M,, ^ = r(,,),. = e?o,)o- (4-22) 

Note that ()4.19p can be slightly simplified by removing the A-ribbon that arrives at in the 
same way as explained in remark I^^Tl Substituting ()4.22p into ()4.19|) leads to the ribbon graph 
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c((/>; M^) 




(4.23) 



■m,n,a p,<T 



where in the second step we have substituted the expansions of ^^"^ ^{iOj)o gi'^^n in (j2.39p 



and ()2.4()p . The coefficients p^^, introduced in (1:4.56), express a representation morphism in a 
basis. The function k, a, m, n) is the ribbon invariant 



k, a, m, n) 




SI 



(4.24) 



To evaluate this invariant one ffist apphes the appropriate relation from appendix II: A. 1 to 
the dashed box marked lL. Next one inserts a complete basis (1:2.31) at 1.2^ and removes all 
braidings with the help of (1:2.41). Finally one applies an F-move (11:2.36) to 1.3^, so as to obtain 
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/(z, J, k, a, m, n) = gI^'^- R^"'^)™ dim(f/^) ^ Fi";^)- G ^Y^^"^ . (4.25) 

p ^ 

The correlators for one bulk field and one boundary field on the upper half plane, i.e. 
the structure constants describing the coupling of bulk to boundary fields, have first been 
considered in There, a constraint is derived which these coefficients have to solve and an 
explicit expression for their square is found for the case of the charge conjugation invariant. 
Since then, solutions for the coefficients themselves have been found, both for models with 
charge conjugation invariant and for more general cases P^22|l47|im|ll] . Also, in equation (5.6) 
of [22] the bulk-boundary coefficients of spinless bulk fields are expressed through ^^^F. 

The coupling of a bulk field to the identity on the boundary, i.e. the one-point function of 
a bulk field on the disk as in remark l^?Tl is easier to obtain than the general bulk-boundary 
structure constants, as it can already be recovered from the NIM-rep data (multiplicities in the 
tensor products of C and Ca) and does not require knowledge of the 6j-symbols [201^]. These 
coefficients, which determine the boundary state, have been calculated for many models. 

4.4 Three bulk fields on the sphere 

We now turn to the correlator of three bulk fields on the sphere. Analogously as in the discussion 
of the disk, we describe the sphere as plus a point. The correlator then takes the form 



y 





\ ^1 

Pi 




^3 / 

- P3 




Pi 





(4.26) 

X 



The dotted line again indicates the dual triangulation that will be used in the construction of 
the ribbon graph. The three bulk fields are tuples 

^1 = («, [7i],or2) , = (A;,/,02,P2, [72],or2) , = (m,ra,</)3,p3, [73],or2) . (4.27) 

Here z, j, /c, Z, m, G X label simple objects. 01 is a morphism in HomA|yi(t^i ^ ®~ Uj, A), and 
similarly one has (f)2 &iiomA\A{Uk 'S>~^ A®~ Ui, A) and 03 G Homyi|yi(?7m 0+ A ®~ t/n, A). The 
three fields are inserted at pi, p2 and ^3, respectively, with arc germs [71], [72], [73] given by 
71,2,3 (^) =Pi,2,3 + (^7 0). The orientations or2 around the insertion points of the three bulk fields 
are given by the standard orientation of M^. 
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The construction of section El gives the following ribbon graph inscribed in the connecting 
manifold: 




As a basis for the space 7i(X) we take the cobordisms 



fJ,U 




(4.29) 



where the symbol '5^' indicates that the manifolds are solid three-balls, with orientations as 
indicated, while 'U' denotes the disjoint union of the two three-manifolds. Expanding ()4.28|) in 
terms of ()4.29|1 defines the bulk structure constants c{(Pi(p2^3)iiu via 

Z(Mx, 0, X) = ^ C{<PI<P2<P3)^U Z{B{p^,p2, P3)^u, 0, X) . (4.30) 

By gluing the cobordism dual to B{pi,p2,P3)fj,u we get rid of the summation on the right hand 
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side, thus obtaining the ribbon graph 




(4.31) 



\ i k : 



'v'lJ, 1 

m ~i /' m 

The additional factor 1 / 6*0,0 comes from the normahsation of the cobordism dual to B{pi,p2,P3)^, 
which consists of two copies of B^. 

Let us assume that the algebra A is simple, and thus by convention Xq = A. Also, we choose 
the morphisms entering the three bulk fields in c{(l>i$2^3)eip as 

= ^(iOj)O ' = ^JoOO ' = ^(^On)0 ■ (4-32) 

Inserting these expressions in (j4.3H) and rotating the resulting graph in such a way that the 
white side of the A-ribbons faces the reader results in 




(4.33) 



Applying now the definition ()2.27j) of the F [A 1^4] -matrices twice, first to the pair ai, of 
morphisms, and then to the remaining two bimodule morphisms, the invariant ()4.33|) becomes 

Multiplying this with the inverse of the two-point correlator, one finds that the bulk OPE 
coefficients are given precisely by entries of the matrix F[y4|y4], as announced in remark IT!^ 
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Of the various types of structure constants considered in this paper, the coefficient for the 
correlator of three bulk fields has the longest history. Explicit expressions have first been 
obtained for the A-series Virasoro minimal models and subsequently for many models 

with charge conjugation invariant [221123121112312^] and more general theories |^l^l^ll6mlMl 

inainHiiHiinsiEi. 



4.5 Three defect fields on the sphere 

The calculation for three defect fields is almost the same as for three bulk fields. This is not 
surprising, as a bulk field is just a special kind of defect field, namely the one connecting the 
invisible defect to the invisible defect. We consider three defect fields on a defect circle, 



X 



pi 



03_ 

P3 



1z 



P2 



The three defect fields are tuples 

01 = {X,oi2,Y,oi2,iJ,i^uPi, [7i],or2) , 

02 = {Y,OT2,Z,OT2,k,l,^2,P2, [72],Or2) , 

03 = (Z,or2,X,or2,m,n,i93,p3, [73],or2) 



(4.35) 



(4.36) 



Here or2 is the standard orientation of M^, k,l,m,n G I label simple objects, and '!9i,2,3 are 
morphisms 

1^1 e BomA\A{Ui ®+ X ®- Uj, Y) , 

i32e}iomAiA{Uk®+Y®-Ui,Z), (4.37) 

^3 G UoniAlAiUn, ®+ Z (g)- Un, X) . 

The three fields are inserted at pi, p2, Ps, with arc germs [71,2,3] given by 7i,2,3(^) =^1,2,3 + (t, 0). 
The ribbon graph differs from the one for three bulk fields only in that the annular A-ribbon 
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is replaced by the appropriate bimodule ribbons. Thus we obtain 
Mx = 




(4.38) 

Expanding this in the basis ()4.29p defines the structure constants of three defect fields via 

Z(Mx, 0, X) = 5^ c(X, 6»i, F, 6»2, Z, 6»3, X)^, Z{B{p,,p2, ps)^u, 0, X) . (4.39) 

Gluing the cobordism dual to B{pi,p2,P3)fj,u yields a ribbon invariant very similar to ()4.31|) : 




■cr 
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The calculation of the invariant (|4.4U|) runs along the same line as in the case of three bulk 
fields. Let us choose 

^ = ^., y = Xr^^ Z = X., ^,=q^^y. ^2 = ^(^0.' ^3 = er™-).. (4.41) 

Inserting this in ()4.40|1 leads to a ribbon invariant similar to ()4.33|) . which can again be evaluated 
with the help of the definition (j2.27|l . We find 

c(X„ 0„ X., 0„ X., 03, = F[^l^]£SlV... mAtZS' ■ (4-42) 

'J0,0 ^ 

Just like for three bulk fields, multiplying this expression with the inverse of the two-point 
correlator one finds that the OPE coefficients for defect fields are entries of the matrix F[/l|/l]. 

4.6 One bulk field on the cross cap 

After dealing with the fundamental correlators allowing to obtain all orientable world sheets 
by sewing, we finally consider the additional world sheet that is needed to construct all non- 
orientable surfaces as well, i.e. the cross cap. Correspondingly, the algebra A is now a Jandl 
algebra. 

We present the cross cap as ]R^/~, with the equivalence relation ~ identifying points ac- 
cording to the rule u ^ a^p2(u), where in standard coordinates x,y on M^, o"igp2 acts as 

c^Mp2 {x, y) := (a;, y) ■ (4.43) 

Consider now the correlator of one bulk field on the cross cap, with the bulk field given by 

y 



(4.44) 



As before, i,j&X, G Hom^|^(f/j ®~ A) and 7(t) =p + (t, 0), where p is the insertion 
point of the bulk field. The local orientation or2 around p is chosen as indicated in figure 
()4.44|) . The interior of the dashed circle is a fundamental domain of the equivalence relation 
u ~ (T]rp2(m). On its boundary, i.e. for \u\ = 1, points are identified according to u ~ —u. 

Similarly as in (11:3.10), one can write the connecting manifold as 

Mx = Xx [-1,0]/- with (u,0)~((TKp2(u),0) for all ugX. (4.45) 
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For the cross cap we obtain in this way the three-manifold 




with orientations as indicated, and with points in the t=0 -plane to be identified according to 
M~cT]gp2(u). Next we draw the ribbon graph embedded in the t=0 -plane: 

y 




(4.47) 



Note that there is only a single field insertion, but as a consequence of the identification 
m~o"kp2(m) the ribbon graph is duplicated in the picture. In ()4.47j) the Ui- and [/j-ribbons 
end in dashed circles; this way we indicate the points at which they leave the t=0-plane so as 
to connect to the marked points on the boundary of Mx. Recall also the notation (11:3.4) for 
the element connecting two A-ribbons with opposite orientation. 

The complete ribbon graph, lifted out of the t=0-plane to t < and rotated into blackboard 
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framing, looks as follows (again one better uses full ribbon notation to verify this move): 




as the cobordism describing the basis element in the space of blocks. The structure constant 
appearing in 

Z(Mx, 0, X) = c{<P) Z{B2, 0, X) (4.50) 



is again found by composing Z(Mx, 0,X) with the cobordism dual to ()4.49|) . After a suitable 
rotation of the three-manifold, this results in 




In the second equality, after deforming the ribbon graph, we use that is a morphism 
of bimodules, G Hom^|^(?7j (gj+A ®~ f/j, A). Comparing to (11:3.91), we conclude that the 
resulting ribbon graph is just 

c(^)=r'^(f/T,0')/'5o,o, (4.52) 

where 0' is the morphism inside the dashed box on the right hand side of ()4.51|) . is the 
ribbon invariant that was introduced in (11:3.90), which was computed in a basis in (11:3.110). 

One-point functions on a cross cap have been first obtained for free bosons, fermions and 
ghosts in [nniinZI and for the Ising model in [7j. The cross cap Ishibashi states were discussed 
in [HH] . A set of cross cap one-point functions for the Cardy case in rational CFTs was given 
in [nnm], and for the D-series of su(2) in [70]. Simple current techniques allow one to find more 
solutions in the Cardy well as for more general simple current invariants |71|72|73|74|75j . 

In particular, Gepner (and related) models have recently received a lot of attention, see e.g. 
[7ni[771[7H]. 

4.7 One defect field on the cross cap 

As already noted in section 14.51 replacing bulk fields by defect fields changes very little in the 
calculation of a correlator. Thus we discuss the correlator of one defect field on the cross cap 
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only very briefly. The geometric setup for the correlator is 

y 




(4.53) 



where the defect field is given by 6* = (X, — or2, X, or2, i, j, 'd.p, [7], or2) with 7(t) =p+(t, 0) and 
d G Honi4|^(?7j ®^ ®~ Uj, X). The choice of 7 implies that at the insertion point of the defect 
field the defect runs parallel to the real axis. The orientations or2(p) around the insertion point 
and or2(X) around the defect line are chosen as indicated. When giving or2(X) one must take 
the orientation-reversing identification of points on into account. 

The connecting manifold Mx can be found by the same method that led to ()4.48|) . The 
only difference is that the A-ribbon gets replaced by an X-ribbon, and that there is a half-twist 
in accordance with (|3.55|) . The resulting ribbon graph is, in blackboard framing, 

, . t = o 




(4.54) 



Composing with the dual of the cobordism ()4.49|) one determines the constant c(X, 0) appearing 



61 



in the relation Z(Mx, 0, X) = c{X, 0) Z{B2, 0, X) to be 




(4.55) 



To work out the invariant ()4.55p we need to introduce a bit more notation. Note that the 
morphism entering the data for the defect field O is an element of B.omA\A{Ui X* 0" Ui, X). 
If we choose X to be the simple bimodule X^, then also X^ = (Xy)^ is a simple bimodule. Define 
a map 

s: /C — >}C (4.56) 
via (Xi,)^ = Xg(^^y We explicitly choose, once and for all, a set of isomorphisms 



e Hom^|^(X^, (X,(^)j 



(4.57) 



This is similar to the choice of vTj G Hom(f/j, (UjY) made in (1:2.23). For our purposes we need 
to expand the inverse of 11^ in a basis. 



xGX a,/3=l 



:/3 



(4.58) 



Xu 



In writing this relation we used that as objects in C, Xy and {Xs{y)Y are both equal to X^. 
They only differ in the left and right actions of A. 

After these preliminaries, let us evaluate the invariant ()4.55p . We make again the simplifying 
assumption that Nif G {0, 1}. Let us choose 



and 



(4.59) 
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^ X! 5Z [^(^ 



•JQ.O — — 



-\^x 



J 72 71 



l{%,x,y). (4.60) 



71:72 



In the second equality we have replaced ^("^(y),);, and (11^^^^)"^ by their expansions ()2.40p and 
()4.58|) . respectively. If one in addition drags the points where the [/—ribbon touches the iden- 
tification plane along the paths indicated one obtains the following representation of the 
invariant I[i,x,y): 



I{i,x,y) 




(4.61) 



To compute I{i,x,y), we apply the relation (11:3.73) to the morphism that is indicated by the 
dashed box. Thereby I{i,x,y), which according to (j4.61|) is the invariant of a graph in MP^ is 

When moving the [/j-ribbon one must carefully take into account the identification. As discussed at the 
end of section 11:3.5 this introduces additional twists. 
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expressed as the invariant of a graph in 5*^. In the latter form, I{i,x,y) is straightforward to 
evaluate; we find 

=S„,,K-'^S„,«-fi^Gi»"'%,„ = F„,|^. (4.62) 

In the second step we made use of the definition of the P-matrix [73110]; see (11:3.122), and 
used the notations 

P., = Kr'h,, P,, = if'/'Sf'Sf'/%, f,,=e-'6.,, f^/'=tr^6.,- (4.63) 

finally, k = 6*0,0 Xlfc^^^^ (dim is the charge of the modular category C. If C is the repre- 
sentation category of a RVOA, it is given by k = e'^^^^^, with c the central charge of the chiral 
CFT. 

4.8 Example: The Cardy case 

In this section we apply the TFT formalism to the simplest situation, i.e. to the algebra A = l. 
This case has already been treated in jlHll^. Furthermore we make again the simplifying 
assumption that A^j/ G {0, 1}. 

With the exception of the structure constants for three defect fields on the sphere ()4.68|) 
and one defect field on the cross cap (|4.75p . the results of this section are not new and merely 
serve to illustrate the general formalism developed above. References to previous results in the 
literature are listed at the end of sections l4. 21 - 14. 6l above. 

Field content 

As is immediate from (1:5.30) and (1:5.19), for A = l the torus partition function is given by 
the charge conjugation modular invariant, Z{l)ij = Sij. Thus there is a bulk field <Pj for each 
simple object. In the notation of section 1X51 we choose 

$i := {i,i,^i,p, [7],or2(p)) , (4.64) 

where the morphism 0j = is given by the basis element introduced in (|2.44p . 

The boundary conditions are in one-to-one correspondence with the simple objects Ui, 
too, and the annulus coefficients are given by the fusion rules [SU]. Thus we have J = X 
and Ki^ = N^X^ compare remark 1:5.21 (i). Nonetheless we continue use greek letters to label 
boundary conditions. Let us denote the field that changes a boundary condition u to fi and 
is labelled by the simple object Uk by ^j!'" ■ Thus in terms of the notation of section 13. 2| we 
choose 

^i:" :=iM„]VU,Uk,^,p,b]), (4.65) 

where the morphism i/) = ip{nk)u is the basis element defined in fl2.44|l . 

The defects are in one-to-one correspondence with the simple objects Ui as well, so that 
/C = X. Moreover, the twisted partition functions are again expressed in terms of the fusion 

^'^ In |46l B| the structure constants were derived for a specific normaHsation of the bulk and boundary fields. 
We find it helpful to reproduce the results with normalisations kept arbitrary. Also, structure constants of 
defect fields where not considered in |46ll^ . 
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rules jlO]; as follows from the ribbon representation (1:5.151), we have Zj^^ = Yl,k&-^kTNmlil . 
The number Z^^^ gives the multiplicity of defect fields carrying chiral and antichiral labels Uk 
and Ui, respectively, that change a /i-defect into a //-defect. Let us denote such fields by 
To be specific, in the notation of 13.41 we choose 

:= (X^,or2(|)),X.,or2(p),fc,/,e,p,[7],or2(p)), (4.66) 

where ^ = The multiplicity label a takes all values in X for which N^UNk-^ ^ 0. 

Three boundary fields 

Let us first consider the case of three boundary fields , ^^'^ and ip'^" on the disk, changing 
boundary conditions from /i to z/ to k to /i as we move along the real axis. Substituting the 
expression (j2.47|) for the fusion matrices of Ca into the general expression (j4.12j) immediately 
results in 

c{M^^^''M,^^''M^^i:^M^) = /3f '^/Jf /Jf G ^ G i';' ''^ dim([/^) . (4.67) 
Recall that the constants (3^^ etc. give the normalisation of the boundary fields. 



Remark 4.2 : 

In view of the results in ^J|22llinil2l2Hl one might have expected that the F-matrices appear 
in ()4.67j) . rather than their inverses G. This is, however, merely an issue of normalisation and 
of labelling of the boundary conditions, and illustrates the fact that the labelling of boundary 
conditions by simple objects is not canonical. Indeed, at the end of this section we will see that 
by suitably changing the normalisation of the boundary fields, in addition to relabelling the 
boundary conditions as fi, the structure constants ()4.67|) can equivalently be expressed in 
terms of F-matrices. 

Three defect fields 

Next we consider three defect fields. The structure constant of three bulk fields can then be 
obtained as a special case thereof. We consider a circular defect consisting of three segments 
of defect types fi, v and k, respectively, see fl4.35|) . The change of defect type is effected by 
three defect fields S*^'^^, Q^^i^.^ and ©mn.aa. The corresponding structure constant is obtained 
by substituting ()2.49|1 into ()4.42|1 . resulting in 

«i,>i«fcZ,a2«mn,a3 ^^^^^^ g^^^ (4.68) 

The constants afJl, etc. determine the normalisation of the defect fields. 
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Three bulk fields 



The structure constants of three bulk fields ^j, and $k on the sphere are obtained by 
restricting formula ()4.68|) to the case fi = u = k = 0. The expression then simplifies a lot, leading 
to 

Here ctj = a^ll etc. give the normalisation of the bulk fields. In deriving this formula we made 
use of the relation 

QiPPp)p ^ R(PP)o^^ dim(f/p)-i , (4.70) 

which can be verified analogously as the corresponding equation for F in (1:2.45). 

The normalisation of the bulk fields can be read off from the two-point structure constant, 
divided by the squared norm of the vacuum (expressed as the two-point function of the identity 
field) . Setting m = and j = t in ()4.69p and using once more ()4.70|) gives 

c(l, 1) dim([/,) • ^ • ^ 

One bulk and one boundary field 

Consider now the correlator for one bulk field <Pj and one boundary field ip'^^ on the disk, with 
boundary condition labelled by /i. To evaluate the general expression ()4.23|) . first note that the 
expansion coefficients of the representation morphism are now trivial, Po^(^)^ = 1- Also recall 
relation (j2.45|) for the expansion coefficients of ^ and ^Z'. We then find 

V ^ 

Of particular interest is the correlator of just one bulk field on the disk, which is obtained from 
()4.72|) by setting k = \. Using the identities 

- dim(^,) dim(t/,) .,,-l^^iV.,dim([/,), (4.73) 

one finds 

The phase will cancel a corresponding phase in the correlator, see equation (j6.27j) below. 
Also note that here one might have expected Sj^^ instead of Sj^^. This difference amounts to 
the freedom to choose the labelling of the boundary conditions at will. Indeed, our labelling is 
related to the one leading to Sj^^ by /i ^ /i; we will return to this point at the end of the section. 
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One defect field on the cross cap 



Consider a defect of type z/ on a cross cap, together with a defect field insertion 0^^'^^^'^. To 
evaluate ()4.60p we need to make a definite choice for the isomorphisms 11^. First note that for 
A = l one has s(z/) = u for all v eK,. It is convenient to choose 11^ = t^idu^- One then finds 



c(X e^'I'^l = a"''' R"("*^'' 



t,. 



/- {ail) a Po,a 
'-'0,0 



(4.75) 



One bulk field on the cross cap 

The structure constants of one bulk field $i on the cross cap are obtained by setting z/ = in 



dim{Ui) 5*0,0 ' 



(4.76) 



Change of normalisation for boundary fields 

Let us now return to the question of expressing the structure constant ()4.67p of three boundary 
fields in terms of F-matrices instead of their inverses G. We would like to demonstrate that 
there is a normalisation of the boundary fields in which ()4.67|1 is expressed in terms of F, but 
with all boundary labels /i, u, k replaced by their conjugates. 

Introduce numbers by relating two different basis vectors of Hom([/^ ® f/j, Uy), according 

to 




X 



fj,i 




A short computation shows that this implies the relation 



(4.77) 




dim(f/^) 1 
dim([/^) 




(4.78) 
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between the dual basis vectors. Consider now the ribbon representation of G^Y *^'^ in (1:2.40). 
Take the trace of that relation and replace the three basis vectors X{ui)fj,, \Kj)v and T^"^')^ by 
the corresponding right hand sides of ()4.77p and ()4.78p . It is then not difficult to see that the 
resulting ribbon graph can be deformed to equal the trace of the left hand side of (1:2.37). 
Altogether we obtain 

Q (k j i)n _ '^ui "^Kj p {ji p.) K ('4 79") 

'Kk 

Substituting this relation into ()4.67|) results in the equality 

c{M,^^^M^^^'^MJy^,^M,) = {i:,f3r) il^kf^n P^-'f fJo''^' dMU,) . (4.80) 

We conclude that by changing the normalisation of the boundary fields and renaming the 
boundary conditions as /i — >■ /2, one arrives at the usual expression of the boundary structure 
constants in terms of F-matrix elements. 



5 Conformal blocks on the complex plane 

In the study of CFT correlators there are two different aspects, a complex-analytic and a purely 
topological one. The construction of the correlators, as presented in detail in sections El^El for 
the fundamental correlators {'P^), {^^^) and (^)x, as well as for the defect correlators 

{000) and (6')x, proceeds entirely at the topological level. Given this construction, one would 
next like to address the complex-analytic aspect of the correlators, thereby obtaining them as 
actual functions of the insertion points. This aspect is treated in the present section and in 
section El We start in sections 15.11 and 15.21 by recalling the concepts of vertex algebras and 
bundles of conformal blocks. 

The relation between the 3-d TFT formulation of the correlators and the complex-analytic 
description relies on a number of assumptions, thus restricting the class of vertex algebras 5J to 
which our construction can be applied. First, we require the category 7^ep(5J) of representations 
of 03 to be a modular tensor category. Sufficient conditions on 2J which ensure this property of 
TZep{^) have been given in |18j . 

Given 03 we can define bundles of conformal blocks for Riemann surfaces with marked points. 
Our second condition is to demand that these spaces are finite-dimensional, and that for surfaces 
of arbitrary genus the conformal blocks give rise to the same monodromy and factorisation data 
as the 3-d TFT constructed from 7^ep(53). So far there is no complete treatment of this issue 
in the hterature. However, many results have been obtained, see e.g. jniEIlE2ll2nilH31IHlI • For 
the purposes of this paper we do not need a complex- analytic construction of correlators in its 
full generality, though, as we only consider particularly simple cases, namely the fundamental 
correlators listed above. For these, at most conformal three-point blocks on the Riemann sphere 
are needed. 

For the purposes of this paper, we will call the class of vertex algebras satisfying these 
conditions rational. From now on we take 53 to be rational in this sense. 

Another important issue is the metric dependence of the correlation functions through the 
Weyl anomaly, which arises whenever the Virasoro central charge of 53 is nonzero. Here again 
we do not need a general treatment, because we will be interested in the ratio of a correlator 
and of the corresponding correlator with all field insertions removed (see section IHTD below). 



68 



The presence of field insertions does not affect the metric-dependence of a correlator, and hence 
the Weyl anomaly cancels in such ratios. 

5.1 Chiral vertex operators 

In this section we describe the space of conformal blocks on the Riemann sphere P^, realised 
as P^ = CU{oo}. To this end we collect a few notions from the theory of vertex algebras, 
in particular that of an intertwiner between representations of vertex algebras. However, this 
section neither is intended as a review of vertex algebras, nor is it as general as it could be in a 
vertex algebra setting. Rather, the main purpose is to specify some notations and conventions 
needed in the description of the CFT correlation functions. For a much more detailed exposition 
of vertex algebras the reader may consult e.g. jH21IH2llHSl • 

Vertex algebras and intertwiners 

One formalisation of the physical concept of a chiral algebra for a conformal field theory is the 
structure of a conformal vertex algebra 2J. This is a vector space R^, the space of states, which 
is Z>o-graded with finite-dimensional homogeneous subspaces, equipped with some additional 
structure. In particular, there is a state-field correspondence, assigning to every WE Rq a field 
W{z) = Y(W; z) G End(Rf7)[2, z~^. Here End(V)[^], for V a vector space, denotes the space 
of formal power series in the indeterminate z with coefficients in End(V). The state space Kq, 
also called the vacuum module, contains a distinguished vector vq, the vacuum state, for which 
the associated field is the identity, Y{vq; z) =id^^, and for which Y{u; z)vn = u + 0{z) for all 
u G Kq. The grading of the state space is given by the conformal weight. The vacuum 
Vq is a non-zero vector in the component of weight zero, which we assume to be one-dimen- 
sional. The component of weight two contains the Virasoro vector Wvir, whose associated field 
Y{v^ir;z) = T{z) is the (holomorphic component of the) stress tensor. 

We will be interested in representations of the vertex algebra 23 and intertwiners between 
them. A representation of 2J of lowest conformal weight A consists of a (A+Z>o)-graded vector 
space R and a map p: Rn^End(R)|^^^], subject to some additional consistency conditions. 
An intertwining operator between three modules Rj, Kj, Rfc with conformal highest weights 
Ai, Aj, Afc is a map 

V},(-;^) : R, -^^^-^^-^^Hom(Rfc,R,)[^±i], (5.1) 

satisfying a condition to be described in a moment. 

In the sequel we make the simplifying assumption that certain power series of our interest 
possess a non-empty domain of convergence when the indeterminate z is replaced by a complex 
variable, again denoted by z; they can then be regarded as complex- valued functions analytic 
in that domain. For instance, suppose we are given some fields fi{z) G 2;"'Hom(Rj, Rj+i)[2;='=^], 
which may be either fields W{z) in the chiral algebra (in which case Ri+i = Ri) or intertwining 
operators j_,_^(w; z) for some Q3-representation Rp and some v G Rp. For any two homogeneous 
vectors a G Ri and b* G Rj^+i we have 

{b\vn{zn)---M zi) a)ez^^... C €lz^\ ... , Z^'] (5.2) 

Here R* is the restricted dual of the vector space , which by definition is the direct sum of the duals of 
the (finite-dimensional) homogeneous subspaces of Ri , i.e. R* = ®J^o^(n) ^'^^ ^ ©^^o-l^l")- 
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with suitable numbers a,. It is then assumed that, when taking the Zj in the power series (j5.2p 
to be complex variables (and thereby interpreting them as field insertion points in the complex 
plane), this series converges for all (zi, Z2, ••• , Zn) € C" satisfying \zn\ > ■ ■ ■ > > 0. 

As another example where we assume convergence, let us formulate the condition for 
yjk{-]z) to be an intertwining operator. For a*GR*, b^Rj and cGRfc, consider the three 
formal power series 

Mz) = {a\p,{W{z))V%{b;w)c), 

h{z) = {a\ Y],{p,{W{z-w))h-w)c), (5.3) 
h{z) = {a\V)^{h-w) pu{W{z))c), 

which are elements of w^'"'^^~'^'=C[2^^,w^^,(2— w)~^]. What we assume is that, with z and w 
interpreted as complex variables, each of these three series has a non-zero domain of conver- 
gence. Usually fi{z) converges for \z\ > \w\, f2{z) for m;| < 1^1, and fs^z) for > \z\ >0. 
Then the condition for V^ki' ! be an intertwining operator is that the three functions 

fi,2,3{z) coincide upon analytic continuation and can have poles only at z = 0, w and 00. 

As already mentioned, we demand that 7^ep(5J) is a modular tensor category. In particular, 
2J has only finitely many inequivalent irreducible representations, and every QJ-representation 
is fully reducible. We choose, once and for all, a set 

{S.heJ} (5.4) 

of representatives of isomorphism classes of irreducible 23-modules. By we denote the element 
in this list that is isomorphic to the dual module (S^)^. We also take Sq = Rn- 

The morphisms of the tensor category 2J are intertwiners of 2J-modules. In particular, 
Hom(jj(Sj ® Sfc, Si) is the vector space of intertwiners V^ki' ! ^) between Sj, and Sj. As 2J is 
rational, the dimension A^^^ of this space is finite. 

Choice of basis for intertwining operators 

We choose bases 

{Vjf (■ ; ^) I 5 = 1, ... , N,^} c Hom^(S, ® S^, S,) (5.5) 

in the spaces of intertwiners V*^(- ;z). We do not restrict this choice, except when Sj or 
is the vacuum module. Take first j = 0; then Njk=Ski- Thus 'Vq^{-;z): Sq —^Eiad{Si)lz^^} is 
unique up to multiplication by a scalar. As a basis, we take the representation morphism itself, 
Vqj = Pi. Then in particular the field corresponding to the vacuum vn is the identity, 

Vl,{vn;z) = ids,. (5.6) 

Similarly, for k = we normalise V-o( ■ ; z): Si — Hom(So, Si)|2^^] via the condition that 

Vlo{u;z)vn=u + O{z) (5.7) 

for all M G Sj. 
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Two- and three-point conformal blocks 

Let be the unique vector of weight zero in satisfying v^{vn) = 1. For X a product of 
intertwiners, we write (0| X |0) for the number v^{Xvn). 

For products of at most three intertwiners, the functional dependence of {0\X |0) on the 
insertion points is fixed by conformal invariance. For the case of two intertwiners one finds 
explicitly 

(0| Vliv; z,) Vl{u- z,) |0) = {z^-z^r^'^^'^-^BUv, u) , 

with B-,,{v, u) := (0| YUv- 2) YI,{u- 1) |0) . 

Here we take m G and f G to be homogeneous of conformal weight Afc(M) and Ag(f), 
respectively. The two-point conformal block vanishes unless ^k{u) =Ak{v). 
For three intertwiners one gets 

(0|VO,(i.;z3)vJf(^;;z2)V^o(n;;^0|0) 

= {z3-Z2)^'^''^-^^^''^-^^'^'"\z3-Zi)^^'^''^-^^'^''^-^^^'"\z2-Zi^^^^ V, U) , 



With Bi^,{w, V, u) := 2"A.(-)+A»H+A'= (-) (0| V^w; 3) V^fiv; 2) Vl,iu; 1) |0) , 

(5.9) 

where m G Sj, veSj and wESk and, as before, Aj(u), Aj{v) and Ak{w) are the conformal 
weights of the respective vectors. 

Local coordinate changes 

For discussing the relationship to three-dimensional topological field theory in the next section, 
one needs to introduce the group Aut O of local coordinate changes or, equivalently, locally 
invertible function germs. We describe Aut (9 briefly; for details see e.g. section 6.3.1 of |82j . 

The group Aut O can be identified with a subset of the formal power series C[z] consisting 
of those / G C[^] that are of the form f{z) = aiz + a2Z^ + . . . with ai ^ 0. Since a QJ-module 
R is in particular a Vir-module, there is an action R of (Aut 0)opp on the module R, 

R : AutC^End(R) such that R{id) = id and R{f o g) = R{g)R{f) . (5.10) 

This action R is constructed as follows. For the coordinate change / G Aut O that is given 
by f{z)= Yll^=i'^kZ^ 1 D:= Yl^=i^j^^^^§t'' '^ith the coefficients Vj determined by solving 
Vq exp{D)t = f (t) order by order in t. The first few coefficients are 

vo = ai, vi = —, V2 = — • (5-11) 

Oi Oi Vai/ 

The operator R is then given by R{f) '■= exp(— Yl^i '^jLj)vo~^° ■ Actually we will later rather 
need the inverse of R{f), which takes the form 

oo 

R{fr' = vo"-' exp(^t;,L,) . (5.12) 
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For example, if |A) is a Vir-highest weight vector of Lo-eigenvalue A, then for the first two 
levels one finds 

R{fy'\A) =(/')^|A) and 

(5.13) 

A) = if')^ ( I A) + A/7/' I A) ) , 

with /' and /" denoting derivatives of / at z = 0, i.e. /' = ai and /" = 2a2. Define a functional 
via 

K,{f){z):=f{z+t)-f{t). (5.14) 
Then for vertex operators we have the identity jHB section 5.4] 

Y{v; f{z)) = R{fr' Y{R{kM))v; z)R{f) , (5.15) 

where again / satisfies /(O) = and /'(O) ^ 0. 

5.2 Spaces of conformal blocks 

Extended Riemann surfaces 

Recall from section 13.11 that the 3-d TFT assigns to every extended surface E a vector space 
T-C{E). On the other hand, for the (chiral) 2-d CFT we need surfaces with a complex structure. 
The appropriate objects here are extended Riemann surfaces. An extended Riemann surface 
E'^ is given by the following data: 

■ A compact Riemann surface without boundary, also denoted by E'^. 

■ A finite ordered set of marked points, i.e. triples (pi, [ipi], Rj), where the pi G E"^ are mutually 
distinct points, [(fi] is a germ of injective holomorphic functions from a small disk Z)^ C C 
around to E'^ such that V9i(0) =Pi, and Rj is a module of the vertex algebra 5J. 

■ A Lagrangian submodule A'^ C Hi{E'^, Z) - that is, a Z-submodule A'^ of Hi{E^, Z) such that 
the intersection form ( ■ , ■ ) vanishes on A'^ and that any x G Hi{E'^, Z) obeying (x, y) =0 for 
all y & X'^ lies in A*^. 

Given extended Riemann surfaces E'^ and E'^ with marked points (pi, [ipi], Rj) and {pi, [ifi], Rj), 
respectively, an isomorphism f: E'^ E'^ of extended Riemann surfaces is a holomorphic bijec- 
tion of the underlying Riemann surfaces that is compatible with the (ordered) marked points 
in the sense that 

(p„[(^,],R) = (/(p,),[/ov.,],R,). (5.16) 
Bundles of conformal blocks 

Let E^ be an extended Riemann surface with marked points {pi,[(pi\,'Ri), i = 1,2, ... ,n. De- 
note by (Ri ® ■ ■ ■ ® Rn.)* the space of hnear functions Ri ® ■ ■ ■ Cg) Rn ^ C To an extended 
Riemann surface E'^ the chiral CFT assigns the space of conformal blocks on E'^, denoted by 
T-f^i^E^). It is defined as a subspace^'^ of (Ri ® ■■■ (X)R„)*. As mentioned at the beginning 

Here (g) = (8)c denotes the tensor product of complex vector spaces, not the tensor product in 7^ep(9J). 
^"^ The subspace T-L'^{E'^) C (Ri ® ■ ■ ■ (2)R„)* is described via a compatibihty condition with the action of 2J. 
For details we refer e.g. to |86l section 4] and |H3 chapter 9]. 
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of section we assume all 7i^{E'^) to be finite-dimensional. One can show that if E'^ and E'^ 
are isomorphic as extended Riemann surfaces, then l-i^{E'^) =l-i^{E^). Note that this is an 
equality of subspaces of (Ri ® ■ ■ ■ (8)R„)*, not just an isomorphism. In other words, there ex- 
ists a well-defined assignment [E'^] \-^T-C^[E'^) on isomorphism classes [E'^] of extended Riemann 
surfaces. 

Denote by 7Vfg,n(Ri, • • • , Rn) the moduli space of extended Riemann surfaces of genus g 
with n marked points, such that the kth point is labelled by the 2J-module R^. If the choice of 
representations is obvious from the context, or not important to the argument, we will write 
M.g,n in place of A4g,„(Ri, . . . ,R„). The same convention will be applied to related objects 
defined below. Consider the trivial vector bundle 

Mg,n{Rl, . . . , Rn) X (Ri ® ■ ■ ■ ® R„,)* ^ Mg,n{Rl, • • • , Rn) • (5.17) 

Each point in Mg^n is an isomorphism class [E'^] of extended Riemann surfaces, to which we 
can assign the subspace H'^{E'^) C (Ri ® ■ ■ ■ ® Rn)*- This defines a subbundle of ()5.17|) . the 
bundle of conformal blocks on „(Ri, . . . , R„); we denote it by 

^g,n(Rl, • • • , Rn) ^ -^9,n(Rl, • • • , R-n) • (5.18) 

The bundle Bg^n comes equipped with a projectively fiat connection, the Knizhnik-Zamo- 
lodchikov connection, see [HZj and e.g. [HS chapter 17]. Via parallel transport, this connection 
allows us to assign an isomorphism 11^: T-C'^{E'^) -^Ti.'^^E'^) to every curve 7: [0, 1] ^Aig^n with 
7(0) = [^<^] and 7(1) = [^^]. 

Two examples of the map 

We will later use two instances of the map U^, the case that 7 corresponds to a change of 
local coordinates and the case that 7 amounts to moving the insertion points. Restricting to 
these two directions in Aig^n ^ moving insertion points and changing local coordinates while 
the complex structure of the underlying Riemann surface remains unaltered - results in a flat 
(not only projectively fiat) connection. U-y then depends only on the homotopy class of 7. 

In both examples considered below, E'^ denotes an extended Riemann surface with marked 
points {pi, [ipi], Ri), i = l,2, ... ,n. We will consider curves with 7(0) = [E'^]. 

For the first example, define a family E'^(t) of extended Riemann surfaces by taking E'^{t) 
to be given by E'^, with the local coordinate at the fcth marked point replaced by [(pk°Vt] 
with ?7f: D^^D^ such that 77^(0) = and riQ = id. This defines a curve in Aig^n by setting 
7(t) := [E'^it)]. For this curve the map U-y takes the form, for P G H'^{E'^), 

iUy(3){vi, ... , ^n) = f3{vu ... , R{v)~W ... , vn) G H^iE') , (5.19) 

where £"^ = £^"^(1). Note that we cannot directly take the map R{r]i)-^ as defined in (IK?!^ 
because if R^ has non-integral conformal weight, then the expression (771)^* in ()5.13p is only 
defined up to a phase. Instead, we set 

R{v)-':=f{l), (5.20) 
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where 

f: [0,1] End(R,) 

t ^ R{my\ ^ ^ 

and where now R{rit)~^ is the map defined in ()5.12j) . with the phase ambiguity resolved by 
demanding f to be continuous and to obey f(0) =id. 

For the second example consider the curves 75(t) := with 5g C. Here E^{t) is again 

equal to E'^, but with the /cth marked point replaced this time by [(/J^ o ^7*], R-fc), where 
?7t(C) = C + ^^ and p\, = ^pk{'rjt{Qi)). If ip^ is defined on D^, then ipkorjt is a well-defined local 
coordinate around as long as 6 <e. With these definitions, in E"^ = E'^{1) the point pk = fk{0) 
has been moved to pk = fki^)- The map U-yg must obey, for each P G H'^{E'^), 

-^iU^s/3)iVi, ...,Vn)\^^Q = /3{Vi, ...,L_iVk, ...,Vn) ■ (5.22) 

Renumbering marked points 

Given an extended Riemann surface E'^ with marked points {pi, [ipi], Rj), i = 1,2, ... ,n, and a 
permutation vr of {1, 2, ... , n}, one can define a new extended Riemann surface E'^ = Pt^{E^) 
by taking the same underlying Riemann surface, but now ordering the marked points as 

{pi, [(f>i],Ri) = (Pn-^i), ^TT-IW], R7r-l(i))- 

In the same spirit, one can define an isomorphism Vt^: T-C'^{E'^) —*7{'^{Pt^(E'^)) of conformal 
block spaces via (VnP)ivi, ... , Vn) '■= P{v-„(^i), ... , v.„(^n)), where -Ufc G R^ = R^-i(fc). This extends to 
a bundle isomorphism, which we will also denote by V^, 

T^n '■ ^g,n.(Rl, ••• , Rn) ^ ^3,n(R7r-i(l) , ••• , R7r-i(n)) ■ (5.23) 



Conformal blocks on the Riemann sphere 

Let us describe the bundle i3o,„ more explicitly. Define the standard extended Riemann sur- 
face EQ^^[ii,i2, ... ,in] to be the Riemann sphere, realised as CU{(X)}, with marked points 
{{k, [ipk], Sjj.) \ k = 1,2, ... , n}, with (pk given by (pk{z) = z+k. When it is clear from the context 
what representations occur at the marked points, we use again the shorthand notation Eq ^ for 
£^o,n[^i5 "^2, ••• ,in]- A basis for 7Y'^(£'q„) is provided by the conformal blocks 

/?0,n[^l,---,^n; Pl,---,Pn-3; 5l,---,5n-2] = /?0,n , (5.24) 

given by a product of intertwiners, 

Po,n : ^1® ■ ■ ■ ®n„ ^ (0| Vlj^^ivr., n) . ■ ■ Vf-f (^^2, 2) Vi;,o(^i, l) |0) , (5.25) 

where ^i, ... ,Pn-3 and Si, ... , 6n-2 are multiphcity labels. 

The moduli space Aio,n is connected, and the Knizhnik-Zamolodchikov connection on A^o,n 
is fiat. To define the bundle i3o,n, pick a curve 7 from [Eq^] to some [E^] G A^o,n- Then we 
have H^{E^) = U^{'W{Eq ,^)), as a subspace of (S^j ® ■ ■ ■ ® Sj„)*. (Note that while this defines 
the subspace, it does not provide a canonical basis, since U^/ itself depends on the homotopy 
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class of 7, whereas the image of does not.) In fact, if E"^ is given by C U {00} with marked 
points (2;^, [<y9fc], Sj^,), then a basis of l-i'^{E^) can be given in terms of products of intertwiners, 

/3pi,...,p„_3;5i...5„-2 ■ Vi®---®Vn 

^ (0| VL,4^(«^0(V^n))"^'n , Zn) VEi:_3(i? («:o (^n-l)) ^'t^n-l , ^n-l) " ' ' (5.36) 

■ ■ ■ Vf,V^(i?(«:o(^2))"V'2 , Z2) Yl,[R{Koiip,)y\ , zi) |0) . 

The choice of branch cuts that are required when evaluating (j5.26j) is related to the path in 
Aio,n{H, ■■■ , in) chosen to obtain (j5.26|) from (j5.25|) . 

5.3 Relation to TFT state spaces 

In the three-dimensional topological field theory given by the Chern-Simons path integral, the 
space of states on a component of the boundary of a three-manifold can be thought of as the 
space of conformal blocks of the corresponding WZW model on that same surface j2] . One can 
in fact extract the Knizhnik-Zamolodchikov equation for field insertions on the complex plane 
from the Chern-Simons path integral [3]. 

In our approach to topological and conformal field theory the path integral does not play 
any role. Instead, the space of states for the 3-d TFT and the space of conformal blocks for 
the 2-d CFT are constructed independently, and it is a separate task to find an isomorphism 
between the two spaces. In this section we make such an isomorphism explicit in the case that 
the surface is the Riemann sphere. The TFT that is used in the present and the following 
section is the one obtained from the modular tensor category C = Rep(^) of representations of 
the chiral algebra 2J. 

Extended surfaces from extended Riemann surfaces 

To an extended Riemann surface E'^ one can assign an extended surface 

E = 3^(E'=) (5.27) 

as follows. As a two-manifold, E coincides with E'^. Further, a marked point {p, on E'^ 

becomes the marked point {p, [7], R, +) on E, where the arc-germ [7] is defined by 7(t) := ip{t), 
that is, by the real axis of the local coordinate system around p. The Lagrangian subspace 
of iJi(i?,R) is obtained as X = X'^^z'^ from X'^ G Hi{E'^ , Z) . The assignment 3" thus acts on 
extended Riemann surfaces by forgetting the complex structure and by replacing germs of 
local coordinates by germs of arcs. For instance, recalling the definition of the standard 
extended surfaces i?o,n[^i, ••• ,in] in section lOl and of the standard extended Riemann surfaces 
Eq^Iii, ... ,in] above, we see that 

3^(i?o%) = Eo,n . (5.28) 

This also constitutes the main reason for using a sHghtly different definition of extended surface as compared 
to section 1:2.4. While there is no canonical way to associate an arc to a germ of local coordinates, there is no 
problem in assigning a germ of arcs in the way described. 
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The topological counterparts of and [/^ 

Recall that for an extended Riemann surface E'^, Pt^{E'^) describes a permutation of the order 
of the marked points on E"^. Since the set of marked points on an extended surface E is not 
ordered, we simply have 

3'oP^ = 3'. (5.29) 

To be able to formulate the analogue of f/^ in the two examples discussed in section 15.21 
above, we need the following concepts. By a family E'^{t) of extended Riemann surfaces over a 
Riemann surface E'^ we mean that each extended surface E'^{t) is given by E'^ together with a 
set of marked points {p\, [ipl],Rk) such that and (p^ depend smoothly on t. A family E(t) 
of extended surfaces over a two-manifold E is defined in the same way. If E'^{t) is a family of 
extended Riemann surfaces over E'^, then 3^{E'^{t)) is a family of extended surfaces over 5'(E'^). 

To a family E'^{t) with t G [0, 1] we can assign a curve in the moduli space A4g,n by setting 
7i;c(t) := [E%t)]. We then also get the isomorphism U^^^: W{E%<d)) ^W{E%1)). 

On the topological side, from a family E{t) over E, with tG[0, 1], we can construct a 
cobordism M^;: -E'(O) —^E{\). As a three-manifold, M^; is given by the cylinder E x [0, 1]. The 
ribbon graph in M^; is fixed by demanding that the ribbons intersect the slice of M^; at 'time' 
t as prescribed by the marked points on E[t). The topological counterpart of U^^^ is then the 
linear map ZiME): n{E{0)) ^n{E{l)) that is supplied by the TFT. 

In this context the Riemann sphere with marked points is special: any curve in A^o.n can 
be obtained as 'j^c for a family of extended Riemann surfaces over a single fixed base Riemann 
surface, which we take to be CU{oo}. For surfaces of higher genus one needs to vary the 
complex structure moduli of the underlying Riemann surfaces as well. From here on we restrict 
our attention to the Riemann sphere with marked points. 

The isomorphism in the case of the Riemann sphere 

Let [E'^] G 7Vlo,n- We would like to describe an isomorphism 

K : n%E') n{J{E^)) (5.30) 

between the space of conformal blocks associated to the extended Riemann surface E'^ and the 
space of states of the TFT on the extended surface 3^{E'^). 

The TFT encodes the monodromy data of the conformal blocks. This must be refiected in 
the isomorphism N. More precisely, we require K to fulfill 

K o = N and K o U^^^ = Z{M:^(^e^)) o K (5.31) 

for any permutation n and any family E'^{t) over CU{oo}. In addition to ()5.31|1 . the iso- 
morphism K must be consistent with cutting and gluing of extended Riemann surfaces. For 
extended surfaces of higher genus, there are further conditions arising from varying the complex 
structure moduli of the underlying Riemann surface. We will not analyse the latter two types 
of conditions in this paper. Instead we assume that K does satisfy these conditions, and content 
ourselves with describing K for points in Aio^n and illustrating its consistency with ()5.3H1 in 
some examples. 
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For the Riemann sphere we fix the isomorphism K by demanding that the standard conformal 
block /3o,n ^ '^(-^on) from (|5.25|) gets mapped to the state described by the cobordism B^ n from 

(113), 

,n[^l; ••• 5 ) Pli ••• ; Pn—3 

= Z{Bo^n[H, ■■■,in; Pi, ■■■ ,Pn~3 ] ^l, . . . , 5„_2] , 0, -Eo,„ , ... 1 • 

Since 7Wo,n is connected, relation ()5.3H) can be used to determine K for all points in 7Wo,n, 
starting from its value at the point [E^^] as given by ()5.32|) . This way of defining K is consistent 

iff ()5.3ip holds for every closed loop in A^o,n- The first property in ()5.3H) just means that K 
is independent of the ordering of the marked points of the extended Riemann surface. The 
second property in (|5.31|) can be reformulated as follows. Two representations pg „ and Pq „ of 

7ri(A^o,n) on '^'^(-^o,n) ^^'^ '^{EQn), respectively, are given by 

Po,n([7l) := U,. and Po,„([7l) := ^(M^(^.)) , (5.33) 

were the are paths starting and ending on [Eq^] and E'^ is a family over C U {00} such that 
7^c = 7"^. The isomorphism K must intertwine these two representations, 

^°P0,n = P0,n°^- (5.34) 

Below we will verify the intertwining property in two examples, and sketch an argument for it 
to hold in general at the end of section 

Example: Closed path resulting in a tvi^ist 

Define a family of extended Riemann surfaces E'^{t) over C U {00} by taking E'^{t) to be 
equal to i?Q ... , in], except that the kth marked point gets replaced by {k, ipk o Vt, ^ij with 
rit{z) = e^'^^'^z. Using U to compute the transport of a block /3o,n along the closed path ■y^c gives 

{U^^Mivu ... ,Vn) = e^'^'^'^^PoAvu - ^Vn) . (5.35) 

To see this, start from formula ()5.19|) and use ()5.13p and ()5.21|) so as to deduce first that 
R{r]t)~^Vk = e'^'^'^^^'"''hk and then, also using that Aj^, = A{vk) mod Z, that R{r])vk = e^'^'^'kVk. 
We thus find 

Po,niM = O;,' idn^Es^j . (5.36) 



77 



Further, let E{t) := then the cobordism M^: £^(0) ^£^(1) is given by 

A 7 t = Q 




(5.37) 



with the orientations of three-manifold and ribbons as indicated. Once oriented by the inward 
pointing normal, the boundary at t = is given by —E{0) = —Eo^n and the boundary at t = 1 
by E{1) =Eo^n, as it should be. By definition of the twist (see (1:2.9)), the middle ribbon in 
(|5.37p can be replaced by 9^^^ times a straight ribbon, so that 

Z{ME)=e7^Z{Eo,nX[OA]). (5.38) 
Since Z applied to the cylinder over i?o,n gives the identity on 7i{EQ^n) we obtain 

Po,n([7£-]) = idn(Eo,u) ■ (5-39) 

For the closed path considered in this example, the desired identity (j5.34|) thus even holds 
independent of K (and hence provides a consistency check of the conventions described in 
section 13. ip . 



Example: Closed path resulting in a double braiding 

In this example we deal again with a family E'^(t) over CU{oo}. We consider the situa- 
tion that each of the extended Riemann surfaces E'^{t) has three marked points, {l,(fi{z),Si), 
(^2, ^ii^), Sj) and (3, f-s^z), S^), with the functions ipi given by (pi{z) = z+1, ^\{z) = z+l+e^'^^^, 
^^(z) = z+3 and = Lpl{0). Note that E%0) = E^'il) = E^,^[i, j, k]. A basis for the conformal 
blocks in n%E^^) is given by (|5.9p with Zi — 1, Z2 — 2, z^ — 3. Transporting along from 
to t results in the conformal block /3f E'H{E'^{t)) given by 

/3f (n, V, w) = (0| YUw- 3) Y^v- 1 V^'*) YUu- 1) |0) 

(5.40) 

= BI-^{w, V, u) (2-e2''")'^(")"'^('')"'^("')2'^(^')"'^("^"'^('")e^''"(^("')"^*^"^"^(''^) . 

This block is obtained by setting 2i = 1, Z2 = 1-l-e^'^'* and = 3 in ()5.9p . as follows from ()5.22|) 
together with the property V*;j(L_it;; 2) = ^V*;j(f ; 2;) of the intertwiners. Setting t = l we 
obtain 
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where we also used A{u) = Aj mod Z etc. Thus 



6-6 

Regarding the topological side, the cobordism M^; is easily found to be 



(5.42) 



t = 



M, 



: j 




-H- 



t=l 



(5.43) 



Composing this cobordism with i?o,3 results in 



k ,' 



Z(Me) O Z(So,3 




(5.44) 



where we applied (1:2.41) twice and then substituted (1:2.43) (or rather the corresponding 
relations for R~ instead of R). Thus for po,3 we get 



Oh 



id 



(5.45) 



This shows that also in this example the identity ()5.34p holds independently of K, giving another 
consistency check of the conventions in section 13.11 



5.4 The braid matrices 

It is common to express various quantities of interest in terms of matrices B^*-''^)' = (Bpq '^■") 
which are certain specific combinations of fusing matrices F and braiding matrices R PUIE]- 
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Conversely, one can recover F and R from B. In terms of conformal blocks, the braid matrices B 
can be deduced from the exchange of two insertion points in a four-point block on the sphere. 
Using the map K one then verifies that this definition of B is equivalent to the one used in the 
3-d TFT context. 

Braid matrices in modular tensor categories 

Similarly to the definition of the fusing matrices in (1:2.36), for a modular tensor category C 
one defines the braid matrices B^*-' '^^' to be the matrices whose entries appear as coefficients in 
the relation 




(5.46) 



i j k i j k 



If instead the inverse braiding is used one obtains the inverse braid matrices B"'^*-''^)^ 

The braid matrices can be expressed in terms of the fusing matrices F from (1:2.36) and the 
braid matrices R from (1:2.41) as 

This can be verified by first applying an inverse R-move to the morphism (3 G Hom(f/j ® Uk, Up) 
on the left hand side of (j5.46|) . then performing an F-move, and finally an R-move applied to 
the resulting morphism in B.om{Uq ^ Ui, Ui). 

Setting /c = in ()5.46|) and comparing to (1:2.41), and recalling also convention (1:2.33), one 
arrives at the relation 

R[:f = BjJ^r- (5.48) 

Note that by convention the couplings in the one-dimensional morphism spaces involving the 
tensor unit Uq = 1 are not spelt out explicitly. 

Furthermore, using (1:2.42) the relation (j5.47|) is easily inverted: 

p(ijfc)z _ c>(k3)p D{kij)i D-{gk)i /p. 

Thus one can obtain both R and F from the braid matrices B. One may wonder whether it is 
possible to recover the twists 6k and the quantum dimensions dim{Uk) as well. For this to be 
the case, we need to assume that the quantum dimensions are all positive. Then we can take 
the absolute value of (1:2.45) so as to find 

dim(f/fc) = |Fi'o"^'R-^"^T'- (5-50) 
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The twist is then directly given by (1:2.45), 

e, = dimiU,)Fi',''^'R-(~'''^^. (5.51) 

Up to equivalence, a modular tensor category is determined by the list of isomorphism classes 
of simple objects {Uk \ kGT}, the dimensions A^j-f of the morphism spaces Hom(f/jC?)f/j, Uk), and 
the numbers 

dim([/,), e,, Ri^f , Fi;j;5i. (5.52) 

The considerations above show that, upon the assumption that the quantum dimensions are 
positive, instead of ()5.52p it is sufficient to give the numbers 

^}pp,Jis ■ (5.53) 



Braid matrices from four-point conformal blocks 

The braid matrices also appear upon analytic continuation of the standard four-point conformal 
blocks. In short, one takes the standard four-point block and exchanges the field insertions at 
the points 2 and 3 via analytic continuation. The result can be expanded in terms of standard 
blocks, and the coefficients occurring in that expansion are the braid matrices. A more precise 
description is as follows. 

Define a family E'^{t) of extended Riemann surfaces over C U {oo} by taking E'^{t) to have 
field insertions 

(l,[y.i],S,), (^i,[(^*],S,), (^t,b^],Sfc), (4,[¥.4],Sr)), (5.54) 

where <^i(C)=C+l, (/^4(C) = C+4, 

¥^2(0 = C - I e--* + I , ^liC) = C + I e--* + I , (5.55) 

and Wt = V^2(0)' = V^KO). It follows in particular that £''^(0) = EQ^[i,j, k, I]. For E^{1) we must 
also take into account the ordering of the marked points, resulting in P(23)(-E'^(l)) = E^^li, k,j, I], 
where (23) denotes the transposition that exchanges 2 and 3. Transporting the conformal block 
P^'^[i,j,k,l;p;fi,iy] E'W{Eq^ along '^^c from to t results in the block Pl"^ eH'^{E^{t)) given 
by 

(3riv,,V2,vs,v,) = {0\Vl{v,-A)yti^3-,zt)yfr{v2-,Wt)VUvul) |0) (5.56) 

with Zt = ^ e~'^'* + I and Wt = —\ e^'^^^z + |. Since is in the space H'^{E'^{1)) we can apply 
to it the map V(23)- 'H'^{E'^{1)) ^H^{EQ^^[i, k,j, I]) and expand the result in the standard basis 
for the latter space, 

(^(23)/5r)(^il,M2,'«3,M4) = P'^" {Ui, U^, U2, U4) 

= E E B^pJSi k,j, I; q; c7p]{uuU2, us, u,) . (5-57) 

q p,a 

By definition of the braiding in the representation category C = Rep(23) of the chiral algebra, 
the matrices B^*-''^^' which appear in ()5.57p are the same as those defined in ()5.46p through a 
relation between morphisms in C, see e.g. |HHj for details. 



81 



Compatibility of K and braiding 



Again one obtains a family E{t) of extended surfaces by applying 5" to the family E'^{t). For 
the associated cobordism Mg, composed with a cobordism i?o,4 describing the standard basis 
of TC{Eo 4), one finds 

a 

ly' 

Vy'' 







k\ I 




7^^^- H 


-► h- 


-*■ h 


r-*^ H 





Y,Y.^}SilZiBoA^,k,j,hq;a,p]) . (5.58) 



q p,a 



We can now verify the relation (j5.34|l for the braiding on a basis Po^i, j,k,l]p] fi,!^] of the space 
T-C^^Eq ^[i, j, k,l]) as follows: 

Z{Me) o ^{(3oAi,j, k, J; p- /i, z/]) = Z{Me) o Z(5o,4[^, J, k, I; p; fi,u])l 

= E E ^(^o,4[z, A;, J, 1; g; a,p])l 

1 (5.59) 
= EEB^£Si^(/^o,4[z,A;,jJ;g;a,p]) 

q p,u 

= ^oP(23)(/3r) = Kof/,^^(/5o,4[z,j, A;J;p;/i,z/]) . 

Here the first and third step just use the definition of K in fl5.H2|l . the second and fourth step 
are the equalities in ()5.58p and ()5.57p . respectively, and the final step amounts to the definition 
Pi^ = U^j^^Po,4[i, j, k, l;p; fi, u] together with the first of the properties ()5.3ip . 



Consistency of K 

Let us now sketch how compatibility with the braiding implies ()5.34|1 . Let 7 be a closed path 
in Alo,n starting and ending at [-^on]- 7*^ can always be written as the composition of two 
paths 7i and 72, of which 71 only changes the local coordinates but leaves the insertion points 
fixed, while 72 only moves the insertion points, with all local coordinates remaining of the form 
ipk{z) = z+pk. 

The paths 71 and 72 are closed already by themselves, and hence can be treated separately. 
For paths of type 71 relation ()5.34j) holds by an argument similar to the one used in the first 
example above. A path of type 72 furnishes an element of the braid group with n strands. 
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which has the special property that the strand starting at position k also ends at position 
k. The braid group is generated by moves gk,k+i thai exchange two neighbouring strands. It 
is thus sufficient to verify the relation K o [/^^^ =Z(M£;)oN for such elements. This in turn 
follows by a similar argument as used for the four-point conformal block above, taking also into 
account that the braid matrices B'-*-' '^^' control the behaviour of the intertwiners themselves 
under analytic continuation, not only that of the four-point block, 

vl:;(t;3; z) y'/{v2; ^) = E E B^^;^' ^) (^3; z) , (5.60) 

q p,(T 

where the left hand side is understood as analytic continuation from |w|<|2;|to|w|>|2;|, taking 
w clockwise around z. 

6 The fundamental correlation functions 

Ultimately, we would like to obtain the correlators of a CFT as functions of the world sheet 
moduli and of the field insertions. To this end we must combine the results from the previous 
sections with additional information about the world sheet. In particular, for non-zero central 
charge the correlators C do depend explicitly on the world sheet metric g and not only on the 
conformal equivalence class of metrics, see e.g. [HHl- Thus, to find the value of a correlator it 
is not enough to know the conformal structure of the world sheet, but rather the metric itself 
is relevant. In sections l6.2H6.7l we will treat certain ratios of correlators in which the Weyl 
anomaly cancels. 

6.1 Riemannian world sheets 

In sections E] and ID we were concerned with the 3-d TFT, and accordingly only needed the 
world sheet as a topological manifold. To obtain the correlator as a function, rather than as a 
vector in the TFT state space, we need the world sheet metric. To distinguish the two settings, 
we will use the terms topological world sheet and Riemannian world sheet. 

Definition 

By a Riemannian word sheet we mean a compact, not necessarily orientable, two- manifold 
with metric g which may have non-empty boundary, defects and field insertions. 

In section 01 we found that on the topological world sheet the fields, boundaries and defects 
are labelled by equivalence classes of certain tuples. The same holds true for insertions on the 
Riemannian world sheet, but the quantities entering the tuples are slightly different. We will 
only describe the tuples and refrain from giving the equivalence relations explicitly. They take 
a similar form as in the topological case, and will not be needed for the applications below. 

Define a local bulk coordinate germ [f] to be a germ of injective functions /: Ds 
of an arbitrarily small disk Ds = {z & <C \ \z\ <5} to X^ such that /(O) lies in the interior of 
X^. On the disk Ds we take the standard metric induced by C = M^. The maps / are 

These ratios, in turn, are obtained from unnormalised correlators C( • • ■ ), as opposed to the (normahsed) 
expectation values ( • • • ) which obey ( 1 ) = 1. It is the correlators C which appear in factorisation constraints, 
and which give, e.g., the torus and annulus partition functions. 
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required to be conformal, i.e. satisfy f*g = Q{x,y)(dx'^ + dy'^). Define furtfier a local boundary 
coordinate germ [d] to be a germ of injective functions d: Hs — > of an arbitrarily small 
semidisk Hs = {zeC \ \z\<6 and lm{z) > 0} to such that d{x) e dX^ iff x G M. Again on Hs 
we take the standard metric and require the map d to be conformal. 

Since the definition of local coordinate germs depends only on the conformal structure on 
X^, we denote fields on X^ with a superscript c to distinguish them from their topological 
counterparts in section IHl The possible field insertions on X^ follows. 

■ A bulk field <P'^ is a tuple 

^^=(^,J,0,[/]), (6.1) 

where i,jEX label simple objects, (p is a. morphism in Hom^|^(f/j <S)~^A ®~ Uj, A), and [/] is 
a local bulk coordinate germ. 

■ A boundary field is a tuple 

^'=iM,N,R,i,,[d\), (6.2) 

where M and are left A-modules, R is an object of C, ip & Hom^(M®R, A^), and [d] is a 
local boundary coordinate germ. 

■ A defect field O'^ is a tuple 

= (X, or2(X), F, or2(F), 2, J, ^, [/]) , (6.3) 

where X, Y are y4-bimodules, or2(X) is a local orientation of X^ around the defect segment 
labelled by X, and similarly for or2(F). Further, i,jEX and 'd G B.omA\A{Ui Cg)"*" Z ®~ Uj, Z'), 
where Z,Z' are defined as in ()3.38|) . [/] is a local bulk coordinate germ which must fulfill 
the condition that f{x) lies on the defect circle if x lies on the real axis. 

As an additional datum, the boundary and bulk insertions are ordered, i.e. if there are m 
boundary fields and altogether n bulk and defect fields, we have to pick maps from {1,2,..., m} 
to the set of boundary fields and from {1,2,..., n} to the set of bulk/defect fields. Thinking 
of bulk fields as a special type of defect fields, we write 

= {Mk,Nk,Rk,i^k, [dk]) and = {Xk,OI2{X)k,Yk,OI2{Y)k,^k, Jk,^k, [fk]) (6.4) 

for the kth boundary and defect field, respectively, and their defining data. The ordering is 
needed because below we construct an extended Riemann surface from X^, and in that situation 
the marked points from an ordered set. 

The complex double of X^ 

From a Riemannian world sheet X^ we can obtain an extended Riemann surface X^, the complex 
double ofX^. It is constructed as follows. 

If there are no field insertions on X^, then X^ is simply the orientation bundle over X^, 
divided by the usual equivalence relation, i.e. 

X^? = Or(X^')/~ with (x, ora) ~ (x, -ora) ioixedX^. (6.5) 
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Since a metric (or just a conformal structure) together with an orientation defines a complex 
structure, we obtain a complex structure on Or(X^). The equivalence relation leading from 
Or(X^) to respects this complex structure. In terms of charts it amounts to identifying a 
subset of the upper half plane with the conjugate subset of the lower half plane along the real 
axis. Thus X^ is a compact Riemann surface without boundary. 

If in addition there are field insertions on X^, one obtains an ordered set of marked points 
on X^ as follows. 

■ Each boundary field iP"^ = (M, N,R,ip, [d]) gives rise to a single marked point (p, [v5],R) on 
X^, where 

([d{z),OT2{d)] forlm(^)>0, 
ip{z) = < (6.6) 
[[d{z*), -oi2id)] forlm(^)<0. 

Here or2(ci) denotes the local orientation of X^ obtained form the push- forward of the standard 
orientation on C via d. One can verify that if is an injective analytic function from a small 
disk in C to X^. The insertion point p is equal to v?(0). Finally, if has label k from the 
ordering of fields, we also assign the number k to the marked point (|6.6|) . 

■ Each bulk field (P" = 0, [/]) or defect field = {X, ot2{X), Y, oT2(Y),i,j, {}, [/]) gives rise 
to two marked points {pi, [ipi], Sj) and {pj, [ipj], Sj) on X^. Here 

ipiiz) = [f{z),oT2{f)] and ^,{z) = [f{z*),-OT2{f)] (6.7) 

are analytic functions, and pij = ifij{0). If the bulk / defect field has label k from the order- 
ing on X^, the two marked points ()6.7p are assigned the numbers m + 2k — 1 and m + 2k, 
respectively, with m the number of boundary fields. 

We also need to fix a Lagrangian submodule A'^ C Hi{X.^, Z). This is again done via the inclusion 
l: —>■ Mx (here Mx is the connecting manifold for X^, considered as a topological manifold), 
which gives rise to a map t*: Hi{X.^, Z) Hi{Mx, Z). We take A'^ to be the unique Lagrangian 
submodule that contains ker^L^:). 

Holomorphic factorisation 

Given a Riemannian world sheet X^, the correlation function C(X^) of the CFT for that world 
sheet is a linear function 

m n 

C(X^) : (g) Rfc ® (g) (S,, ® S,J ^ C . (6.8) 

k=l 1=1 

Any correlation function must solve the chiral Ward identities coming from the holomorphic 
(and anti-holomorphic) fields in the theory, in particular those coming from fields in the chiral 
algebra. This leads to the principle of holomorphic factorisation [S|, which can be simply 
formulated as the statement that 

C{X^) e n'(X^) , (6.9) 

i.e. that the correlator for X^ is an element of the space of conformal blocks on the complex 
double of X9. 
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Metric dependence 

Consider a Riemannian world sheet X^. Under a Weyl transformation g^g' = e'^g for some 
7: X^ —>■ M, the correlator changes by a factor: 

C(Xf') = e'^^W C(Xf) , (6.10) 

where c is the central charge and S['-f] is the (suitably normalised) Liouville action, see e.g. [HHl 
for details. 

If one works with ratios of correlators, the prefactor can be cancelled in the following 
manner. Let X^ be the Riemannian world sheet obtained from X^ by removing all field insertions 
and labelling all boundaries and defects by the algebra A. Then C(X^) is just a complex 
number, rather than a function as in ()6.8|) . but it shows the same behaviour ()6.10|) under Weyl 
transformations of the metric as C(X^). It follows that the ratio 

C(Xf)/C(X») (6.11) 

only depends on the conformal equivalence class of the metric g. It is these ratios, rather than 
the correlators themselves, that we will present below for the fundamental correlators. 

The topological world sheet and its double 

Let us define an operation 3" which assigns to a Riemannian world sheet X^ a topological world 
sheet X = 9^(X9) as follows. 

If there are no field insertions on X^, then X is obtained from X^ by just forgetting the 
metric. If in addition there are field insertions on X^, then the corresponding insertions on the 
topological world sheet X are obtained as follows. 

■ A boundary field = (M, A^, V, ip, [d\) on X^ gives an insertion ^ = (M, N, V, ipjp, [7]) on X, 
where p = d{0) and •yit) =d(t). 

■ A bulk field <?^= [/]) on X^ gives an insertion {i,j,(f),p, [7],or2(p)) on X, where 
p = /(O) and 7(t) = f{t). The local orientation OT2{p) of X^ is given by or2(/), i.e. the push- 
forward of the standard orientation of C via /. 

Similarly, for a defect field = {X, or2(X), Y, oT2{Y),i, j, 'd, [/]) on X^ one gets an insertion 
= (X, or2(X), y, or2(F), 2, J, i^,p, [7], or2(p)) on X. 

With these definitions one can verify that the diagram 

X 

T (6.12) 
X 

with 3" the map from extended Riemann surfaces to extended surfaces defined in section 15.31 
commutes. 

The TFT construction describes the correlator as a state of the TFT, C(X) g7Y(X). In 
order to obtain the correlator C(X^) G?i'^(X^) we thus need an isomorphism 

N : n^X^) ^ n{X) . (6.13) 



X^ 

T 

±3 
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Since the metric g does not appear in the topological construction, K should have some depen- 
dence on g. Here we are interested in correlators (or rather, the ratios on the upper 
half plane and on the complex plane (together with the point at infinity). In both cases we 
consider the standard metric dx"^ + d?/^. For this metric we take the isomorphism K to be the 
one defined in section lOl 

6.2 Boundary three-point function on the upper half plane 

Let A be a symmetric special Frobenius algebra in C. Take the Riemannian world sheet to 
be the upper half plane together with three field insertions 

^^ = {N, M, S„ tAi, [d,]) , ^2 = {K, N, S„ ^2, N) , ^3 = (M, K, S^, [d,]) (6.14) 

on its boundary. Here M, A^, K are left A-modules, the three fields are inserted at positions Xj 
satisfying < Xi < X2 < X3, and the local boundary coordinate germs [dn] around these points 
are given by arcs dn{z) =Xn+z. Note that 5'(X^) gives precisely the topological world sheet 
displayed in figure ()4.3|) . 

The complex double of is the extended Riemann surface consisting of the Riemann sphere 
X^ = P\ parametrised as C U {00}, and the three marked points (xi, [(/^i], Sj), (x2, [v52], Sj) and 
(x3, [(^3], Sfc), with the local coordinates given by ipri{z) = Xn+z, n = 1, 2, 3. The correlator C(X^) 
is an element of the space of conformal blocks ?i'^(X^). A basis of this space is provided by the 
three-point blocks ()5.9p . One can thus write the correlator as a linear combination 

C{X3){u, v,w) = J2 c{M^iN^2K^3M)s (0| VUw- X3) Y)t{v- x^) Vio(M; Xi) |0) , (6.15) 

<5=1 

where w G Sj, f G Sj and w G S^. The constants c{M\PiN^2K^3M) s are precisely those deter- 
mined by the TFT-analysis in (j4.8p . This follows from applying the map K to both sides of 
()6.15|) . which results in ()4.7p . Altogether, for the ratio ()6.11|) we find, using the explicit form 
(|5.9p of the three-point block, 

TV- ^ 

C<(x.) "1 4- dim(A) J^kj^[w,v,u)j[xs X2) ^g^^g^ 



The vectors u G Sj, f G Sj and if G tell us which fields of the infinite-dimensional represen- 
tation spaces of the chiral algebra are inserted at the points X3>X2>xi, and Ai{u), Aj{v), 
Ak{w) are their conformal weights. Note also that C(X^)= dim(A). The constants cs have 
been expressed in a basis in ()4.12|) : for the Cardy case they are given by ()4.67|) . 



^'^ This makes both world sheets non-compact, but they are still conformally equivalent to compact world 
sheets. We could have chosen a compact metric instead, but since the ratios (|6.11|l are invariant under Weyl- 
transformations this makes no difference. 
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Remark 6.1 : 

Even though the correlator of three boundary fields is built directly from a single conformal 
block, rather than from a bilinear combination of blocks like the correlator of three bulk fields, 
it is not, in general, an analytic function of the insertion points. As an example, take the 
correlator of two equal boundary fields which for X2 > xi is given by 

C = c{M^M^M) Biiiu, u) (X2 - (6.17) 

For xi > X2 one finds the same answer up to an exchange xi^X2, so that for all values of xi, X2 
we can write 

C = c{M^M^M)Bii{u,u) |x2-xi|"^^"^''\ (6.18) 

which is not analytic in xi and X2 (unless Aj G Z, which is a very special case). It is thus not 
quite appropriate to say that the theory on the boundary is chiral. 

Remark 6.2 : 

Consider the case M = N = K = A, i.e. on each boundary segment the boundary condition is 
given by A, regarded as a left module over itself. Using the Frobenius reciprocity relation 
HomA(v4 [/, A) = Hom([/, A) (see e.g. proposition 1:4.12), the elements of HomA(A (g) Sfc, A) 
can be expressed as 

^ = mo{idA®hl^), (6.19) 

where m is the multiplication morphism of A and h^^ denotes the basis ()2.38|) of Hom(Sfc, A). 
The ribbon graph ()4.8j) then takes the form 




(6.20) 



In the second equality one uses associativity of the multiplication, the transformations (1:3.49), 
as well as the specialness relation moA = idA. One can now substitute the expression of the 
multiplication in a basis as in (1:3.7) to evaluate the ribbon invariant (j6.20j) . This yields 

c{A^,A^2A^,A)s = J2 "^Sl <,-k, ° K.) ■ (6.21) 

This is zero in general, in particular if i^t. But there are many examples, like the Virasoro minimal 
models, where it can be non-zero. 



88 



Using the OPE of boundary fields as defined in (1:3.11) to evaluate the correlator (0|!Z''3!P'2!^i|0) 
and comparing the result to (|6.2H) gives 

^Si = CSl- (6.22) 

This is nothing but the relation (1:3.14) that was already established in section 1:3.2. In 
words it says that the boundary OPE on the boundary condition labelled by A is equal to the 
multiplication on the algebra A. 



6.3 One bulk and one boundary field on the upper half plane 

The next correlator we consider is that of one bulk field and one boundary field on the upper 
half plane. Let be the upper half plane with field insertions 

<P' = {^,J,4>,[f]) and = {M, M,Sk,iP,[d]) , (6-23) 

where k eX label simple objects, G Homyi|^(Si tS)~^A ®~ Sj, A) and ip G Hom^(M ® S^, M). 
Further, [/] is a local bulk coordinate germ and [d] a local boundary coordinate germ, with 
fiC) = z + ( and d{() = s + ( for z in the upper half plane and s on the real axis. In fact we 
take z = x + iy and s> x>0. 

The complex double of is the extended Riemann surface X^ consisting of the Riemann 
sphere CU{oo} and the three marked points (s, [v3i],Sfc), {x+iy, [(p2],Si) and {x—iy, [ip3],Sj), 
with the local coordinates given by (pi{C) = s + C, V^2(C) = x+iy + ( and v^3(C) = x—iy + (. We 
select a basis {Ps} in the space of conformal blocks 7i^(X^) as 

(3s := (0| VUw; z,) Y^fiu- z,) Y],{v- z,) |0) 

zi=x—\y,Z2=x+iy,zg,=s 

= Bi,.{w, U, V) ef (A.(-)-A,H-A,(.)) ^^_^^.^^)2(A,(n)-A,(.)) (6.24) 

where in the first line it is understood that the points 2:1,2,3 are taken to their present posi- 
tion from the standard block ()5.25p with Zn = n via continuation along the contours indicated 
in figure (jUTTj). In particular, the connection to Bs in ()4.17p is ^{Ps) = Z{B{x,y, s)s,0,'X.). 
Applying to both sides of (j4.18|) thus yields 

C{X^) = J24<P;M^)sPs, (6.25) 

<5 

where the constants c(^; M\P)s are given by the ribbon invariant ()4.19j] . 

We conclude that the correlator ratio for one bulk field and one boundary field on the upper 
half plane is of the form 

C(X9) dim(v4) ' ' ^ ; (526) 

where u<S)v ESi®Sj gives the bulk field and w G the boundary field. 
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Remark 6.3 : 

The special case of one bulk field on the upper half plane without any boundary field insertion 
(compare remark l4T| is obtained by setting \P = (M, M, 1, idM, [g]) as well asw= |0) e Sq. Then 
()().2(i|l becomes 

C(X9) dim(A) ' ^ ^ ^ ^ 

In (j6.27p the two-point block (j5.8j) appears, which vanishes unless j = t and Ai{u) = Aj{v). 
Note that in the Cardy case, the phase in ()6.27|) combines with the factor ti in ()4.74j) to a sign 

6.4 Three bulk fields on the complex plane 

We now turn to the correlator of three bulk fields on the complex plane, i.e. is C U {c>o} 
together with three field insertions 

= J, 01, m , ^2 = (k, I, 02, [/2]) , = (m, n, 03, [/s]) . (6.28) 

Here i, j, k,l,m,n eT label simple objects; 0i is an element of HomA|yi(Sj ^~^A ®~ Sj, A), and 
similarly one has 02 G Hom^|^(Sfc ®~ S/, A) and 03 G Hom^|^(Sm <^~^A ®~ S„, A). The three 
fields are inserted at the positions zi, Z2, with local bulk coordinate germs [/i,2,3] given by 

/l,2,3(C)= ^1,2,3 + C- 

The complex double of is the extended Riemann surface X^ given by two copies of the 
Riemann sphere C U {oo} together with six marked points, three on each connected compo- 
nent. Recall that we have chosen an orientation of X^ from the outset. Let X^ be the connected 
component of X^ that has the same orientation as X^, and Xl be the component with opposite 
orientation. We have Xj_ = P^. The three marked points on the component X^ are (^i, [</?i], R,), 
(^2, [v52],Rfc) and (2:3, [v93],Rm), while on X?. the marked points are (2;*, [(^i],Rj), {zl, [<^2],Rz), 
(2:3, [(^3], R„). Here z* = x — iy is the point complex conjugate to z = x + iy. The local coordi- 
nates are given by v^i(C) = -^i + C and (pi{C) = + C, for 2 = 1,2, 3. We select a basis {P^u} in 
1-L^{X3) via the cobordism (jOl, 

K(/?^,) = Z{B{zi, Z2, ^3)^., 0, X) , (6.29) 

i.e. (3^1, is a product of two three-point blocks ()5.9|) . Applying to both sides of ()4.3U|) results 
in 

C(X^) = c(^i^2^3)m. , (6.30) 

with c{(Pl(p2'^^i)^lu given by the ribbon invariant ()4.31|) . 

To find the explicit functional dependence of the correlator on the insertion points, we 
use that the conformal block (j6.29|) is a product of two three-point blocks. Rearranging the 
individual factors in a suitable way we arrive at the expression 

AT- m r 

^^7^^^ = E E dim(A) "^-^ 

^ \Zz — Z2\ \Z^ — Zi\ \Z2 — Zi\ 



X 



exp(iv932(si-S2-S3) + i'y53l(s2-Sl-S3) + iV521 (S3-S1 -S2) ) 
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for the correlator ratio for three bulk fields. Here ipij = aig{zi—Zj), and we abbreviated 



wi = Ai{vi) + Aj{vj) , W2 = Ak{vk) + Ai{vi) , = A„(w„) + A„(t;„) , 

(6.32) 

Si = Ai{Vi) - Aj{Vj) , S2 = Ak{Vk) - Ai{vi) , S3 = Am{Vm) - An{Vn) ■ 

The function ()6.31|) is a continuous (but not analytic) function of the insertion points zi, Z2, 
Z3. It does not have branch cuts, because Si^2,3 G Z which, in turn, follows from the fact that a 
bulk field transforming in the chiral/antichiral representation i,j exists only if Z{A)ij 7^ 0. The 
matrix Z{A)ij commutes with the matrix Tki = Sk,i9^^ (this is part of modular invariance, see 
theorem 1:5.1), implying that Z{A)ij = {Oi/Oj) Z{A)ij, i.e. Oi = Bj for Z{A)ij ^ 0. 

6.5 Three defect fields on the complex plane 

As already seen in section 14. 5| the calculation for three defect fields differs only slightly from 
the one for three bulk fields. is now the complex plane with field insertions 

Oi = (X, or2, Y, 0T2, 2, J, ^1, [/i]) , = {Y, 0T2, Z, 0T2, k, 1, 1^2, m) , , ^ 

(6.33) 

ei = {Z,OT2,X,OT2,m, 71,-^3, [/g]) . 

Here or2 is the standard orientation of the complex plane, i, j, k,l,m,n eT label simple objects, 
and the morphisms '^1,2,3 are elements of the relevant spaces of bimodule morphisms: 

G HomA|A(Si ®+X ®- S,-, Y), ^2^ HomA|A(Sfc ®+ Y ®~ S;, Z) , 

(6.34) 

e HomA|A(S™ ®+Z ®- S„, X) . 

The three fields are inserted at zi, Z2 and Z3, with local bulk coordinate germs [/i,2,3] given by 
/i,2,3(C) =2:1,2,3 + C- 

Here it is important to note that in ()4.35|) we have chosen the defect circle to run parallel 
to the real axis in a neighbourhood of the defect field insertions Zi. Otherwise the local bulk 
coordinate germs [/j] must be modified so as to assure the condition that fi{x) lies on the defect 
if X lies on the real axis. We further take |2;3| > |2;2| > ki| as indicated in figure (j4.35|) . 

The complex double of is the same as for the case of three bulk fields. Correspondingly 
the conformal blocks needed to express the correlator ()4.35|) are the same, too, and we can 
expand 

C(X^) = J2 02, Z, 03, X)^, , (6.35) 

11,1/ 

with blocks as defined in ()6.29|1 . The ribbon invariant for the coefficient is given by ()4.38j) . 
as calculated in section 14.51 In the same manner as we arrived at the explicit form of the 
correlator ()6.31|) of three bulk fields, for three defect fields we then find 

C{X%v,,...,v^) ^ y ^0,0 c{X, 0„ Y, O2, Z, 03, ^ 

X iz3-z2r' |^3-2l^^""'^""'^ I z2-^ir' 

X exp( iv932(Si-S2-S3) + iv?3l(s2-Sl-S3) + ^1(83- Si- S2) ) , 
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where ipij = a.Tg(zi—Zj) and 

(6.37) 

si = Ai{vi) - Aj{vj) , S2 = Akivk) - Ai{vi) , S3 = A^(i;^) - A„(t;„) . 

In contrast to the correlator of three bulk fields, the expression ()6.36|) is not necessarily single 
valued in the coordinates zi,Z2,Z3, since the numbers Sk do not have to be integers. This is to 
be expected. Indeed, if, for example, in the setup (j4.35p we take the field at Z2 around the field 
at zi we must deform the defect circle in order to avoid taking the field 02 across the defect. 
In this way we end up with an arrangement of defect lines different from the one we started 
with. 



6.6 One bulk field on the cross cap 

Next we consider the correlator of one bulk field on the cross cap. This surface is non-orientable; 
accordingly we take A to be a Jandl algebra. Analogously as in section 14.61 the world sheet 

is given by 'C/aj^-p2 with ajgp2 the anti-holomorphic involution a^2[() = —!/(*. The bulk 
insertion is (P'^ = 0, [/]) with f{() = z + (, i,jEX, and G IIom^|^(Sj ®"''y4 ®~ Sj, A). The 
complex double of is the Riemann sphere C U {00} together with the two marked points 
{z, [ip], Rj) and {ajgp2{z), [ip], Rj). The holomorphic coordinate germs are given by (p{() = z + ( 
and <^(C) = a„2{ip{C)) = -{z*+C)-'- 

The space ?i'^(X^) is the space of two-point blocks on the Riemann sphere and hence one- 
dimensional, provided j = i. It is spanned by the block 

/?2 = mllR{Ko{v)Y\,- z)YllR{K,{^)Y\k-. -^) |0), (6.38) 

where we also made explicit the dependence on the local coordinates as in (|5.26|) . In the 
correlators treated in the previous sections, all operators R{ - ■ ■)~^ were just the identity, owing 
to the local coordinates taking the simple form C'^P+C- Iii the present case this is only true 
for i?(Ko(v^)) • The correlator is thus given by 

C(X^)(^;„t;,) =c(<?^)(0|V°^i;.; z) V^,o(^(ko((^))"V; -p)|0). (6.39) 

The constant c(^'^) is given by the ribbon invariant ()4.51|) . as follows from applying K to both 
sides of (j6.39j) and comparing with (j4.5(jp . This result also uses the equality N(/32) = Z{B2, 0, X)l, 
with B2 given by (jO^ . 

We conclude that the correlator ratio for one bulk field on the cross cap is 

~C{X^) ^ r"(l,e) -^»^(^»>-^(^o('^)) v,){z + -) . (6.40) 

Here ® % G Sj ® S^- specifies the state representing the bulk field. Note that for the identity 
bulk insertion, in ()4.52|) we have (p' = e, the counit of A, so that C(X^) =r'^(l,£:)/S'o,o- Using 
()4.63|) and (11:3.90) leads to the expression 

r^(i,£) = y^^. (6.41) 

^ a{a) 
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Suppose now further that is a Virasoro-primary state. Then R(^k,q{lp)^ ^v^ = {z*) ^^'^"'^fj, 
so that in this case 

= %L£(^) B,(.„.,^) + --•<"■). (6.42) 
The constant c(^^) is evaluated in ()4.52j) and (11:3.110); in the Cardy case it takes the from 

(gini). 

6.7 One defect field on the cross cap 

To obtain the correlator of a defect field on the cross cap one essentially repeats the calculation 
in the previous section. Again, = <C/a^2, this time with the insertion of a defect field, given 
by 9' = {X, -ora, X, ors, i, j, [/]) with /(C) = 2 + C and ^9 G Hom^|^(Si ®+X^ ®- S„ X). The 
choice of / implies that the defect runs parallel to the real axis at the insertion point of the 
defect field. The orientations ±or2 of the neighbourhood of X are obtained as follows. Let 
or2 be the local orientation around /(O) induced by [/]. The orientation of X is obtained by 
transporting or2 along the defect to the right. When passing through the identification circle, 
the orientation gets reversed, so that one arrives at the insertion point /(O) with — or2 from the 
left, see figure fj4.53|) . 

The space 7i'^(X^) is again spanned by the single block 1)6.38^ : the correlator is 

C{X^)=c{X,0^)mUvr,z)Vl,{R{Ko{^))-\; -^)|0), (6.43) 

where c{X,0'^) is given by the ribbon invariant ()4.55|) . as calculated in section I^Tl Taking 
the states Vi G Sj and Vj e S, describing the defect field to be Virasoro-primaries, altogether the 
ratio of correlators for one defect field on the cross cap becomes 

90^1^ _ S^^c^ (1 + |.p)--.<"<). (6.44) 

In the Cardy case, the constant c{X, 0'^) is given by ()4.75|1 . 
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